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Abstract. We show that if jz/ is a Fell bundle over a locally compact group G, 
then there is a natural coaction <5 of G on the Fell-bundle C*-algebra C* (G, 
such that if 5 is the dual action of G on the crossed product C*{G,-s/) ysg G, 
then the full crossed product {C*{G,s>^) Xlj G) Xl^ G is canonically isomorphic 
to C*{G,£/) (X) /C{L^(G)). Hence the coaction S is maximal. 
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Introduction 

The theorem announced in the abstract, which we prove as Theorem 8.1, is 
part of a larger program that is inspired by the realization, which only recently has 
come into focus, that Fell bundles over groups and, more generally. Fell bundles over 
groupoids, provide a natural setting for a broad range of imprimitivity theorems 
and equivalence theorems for C*-dynamical systems, especially theorems involving 
nonabelian duality. The present paper is a first step in this larger program. 
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Very roughly, a Fell bundle over a locally compact group G is a bundle over 
G such that the fibre Af. over the identity e of G is a G*-algebra and such that the 
fibre over each s G G is an - Ae-imprimitivity bimodule with the property 
that As At is isomorphic to A^t in such a way that tensoring gives an associative 
multiplication on } The space of continuous, compactly supported cross sections 
of denoted rc(G;,G/), carries a natural convolution-like product under which it 
forms a *-algebra. A certain completion of this algebra is a G*-algebra, denoted 
G* (G, si) . One can profitably think of G* (G, s^) as a generalized crossed product 
of Af. by G. Indeed, if G acts on a G*-algebra B via a continuous homomorphism 
a : G ^ Aut(_B), and if jz/ is defined to be i? x G, with product defined by 
the equation {a,s){b,t) = {aas{b),st), then ^ is a Fell bundle over G, called the 
semidirect-product bundle determined by the action, and the G*-crossed product 
B »aG is isomorphic to the bundle G*-algebra C*{G,^). This point was made 
by Fell in his first works on the subject [9, 10] and was one of the reasons he began 
the theory of these bundles. Importantly, not every Fell bundle over a group G is 
isomorphic to such a bundle [12, §§VIII.3.16, VIII.4.7].2 

Coactions were introduced to give a generalization, for non-abelian groups, of 
the Takai-Takesaki duality for crossed products by actions of abelian groups on 
G*-algebras. Subsequently Katayama proved a crossed-product duality theorem 
for coactions, specifically, if 5 is a coaction of a group G on a G*-algebra A, then 
there is a dual action ^ of G on the crossed product A G such that the reduced 
crossed product (^x^G) xi^ ^G is isomorphic to A^IC{L'^{G)). Katayama used what 
are now known as reduced coactions, which involve the reduced group G*-algebra 
C*{G). For more information on crossed-product duality, sec [4, Appendix A]. 

The use of the term "crossed product" both in the context of group actions and 
in the context of coactions may seem confusing, initially. However, in practice, it 
is easy to distinguish between the two. 

Raeburn introduced full coactions, which involve the full group G*-algebra 
C*{G), to take advantage of universal properties. For such coactions, there is 
always a canonical surjection 

^ : AxisG »gG ^ A® K{L^{G)), 

and the question naturally arose, when is $ in fact an isomorphism? When this is 

the case, full crossed-product duality is said to hold, and the coaction 5 is said to 
be maximal. For example, the dual coaction on a full crossed product by an action 
is always maximal [3, Proposition 3.4]. 

Since Fell bimdlc G*-algcbras are generalizations of crossed products by actions, 
it is natural to ask whether there exists a coaction (5 of G on G*(G, s/), and if so, 
whether 5 is maximal. In the present paper, we settle these questions affirmatively. 

The existence of a coaction on G*(G, s/) was briefly presented in [13] for the case 
of reduced coactions. In [19] (see also [18]), the third author showed that when the 
group G is discrete there is in fact a bijective correspondence between Fell bundles 
over G and coactions of G on G*-algebras. Further, in [5] the third author and 
Echterhoff observed that given a Fell bundle ^ over a discrete group G, there is 

^We follow the convention that the total space of a Banach bundle is represented in a script 
font, while the fibres are written in Roman font. Thus \l p : — » X is a bundle over a space X, 
then we'll write Ax for the fibre p~^{x) viewed as a Banach space. 

^We shall have more to say about semidirect-product bundles in Sections 6 and 7. 
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a natural coaction (5 of G on C*{G, £/) and the crossed product C*(G, .e/) xi^ G is 
naturally isomorphic to the G* -algebra of a Fell bundle ^ Xit G over the discrete 
groupoid G Xit G obtained by letting G act on itself by left translation. This 
observation, coupled with the work of the second and fourth authors on the theory 
of Fell bundles over groupoids [16] (which, in turn, was inspired, in part, by [19]), 
was the point of departure for the current project. 

Indeed, although groupoids do not appear explicitly in the statement of our 
main theorem, Fell bundles over groupoids are crucial in the techniques we develop 
for the proof. We rely heavily on [16] for the theory and basic results concerning 
Fell bundles over groupoids. In particular, we make free use of the Disintegration 
Theorem for Fell bundles [16, Theorem 4.13] which is a generalization of Renault's 
Disintegration Theorem for groupoids [23, Proposition 4.2]. (See [17, §7] for more 
discussion and references on Renault's Theorem.) 

The plan for our proof of Theorem 8.1 is as follows: The initial two sections are 
preparatory. Section 1 establishes notation and collects some results that will be 
used in the sequel. Section 2 addresses some fine points regarding the problem of 
"promoting" a Fell bundle over a group to a Fell bundle over the product of the 
group with itself. The first real step in our analysis is taken in Section 3. There we 
prove in Proposition 3.1 that if ^ is a Fell bundle over a locally compact group G, 
then there is a natural coaction 5 of G on G* (G, £/) analogous to the dual coaction 
on a crossed product. 

We note in passing that in [7] , Exel and Ng prove a result that is similar to our 
Proposition 3.1. However, their setting is somewhat different from ours in that it 
uses an older and no-longer-used definition of "full coaction" that was advanced by 
Raeburn in [20] . Also, their proof is different in certain important respects. So, to 
keep this note self-contained we present full details. 

The second substantial step taken in our analysis is Theorem 5.1, which asserts 
that there is a natural isomorphism 9 from the crossed product C*{G, £/)>isG to the 
G*-algebra G* (G x h G, jz/ x h G) of the Fell bundle x h G over the transformation 
groupoid G x It G. As we mentioned above, this isomorphism theorem was inspired 
by [5] . Section 4 provides the necessary prerequisites for the formulation and proof 
of Theorem 5.1. 

The third major step is Theorem 7.1, which establishes, in the general context 
of a Fell bundle ^ over a groupoid Q, an isomorphism between the G*-algebra of a 
semidirect-product bundle ^ x „ G (the theory of which is developed in Section 6) 
and the crossed product of C*{G, ^) by a corresponding action of G. 

The remainder of the argument occupies Section 8. There, we show that the 
isomorphism 6 established in Theorem 5.1 is equivariant for the dual action 6 oi G 
on C*{G,£/) xs G and a natural action of G on G*(G xit G, xh G). Using 
this, 6 is promoted to an isomorphism between the two crossed products. We 
then apply the result of Section 7 to this natural action to see that the crossed 
product can be realized as the G*-algebra of a certain semidirect-product bundle; 
this bundle turns out to be isomorphic to one whose G*-algebra is easily recognized 
as G*(G, ^) (g) /C(L^(G)). Finally, we show that these isomorphisms combine to 
give the canonical surjection and this completes our proof of Theorem 8.1. 
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1. Preliminaries 

If A is a C*-algebra, then its maximal unitization M{A) ([21. Definition 2.46]) is 
called the multiplier algebra of A. Traditionally, M{A) is realized as the collection 
of double centralizers. Here we adopt the approach taken in [21], regarding M{A) as 
the algebra C{A) of bounded adjointable operators on A viewed as a right-Hilbert 
module over itself. (That any two maximal unitizations are naturally isomorphic 
is guaranteed by [21, Theorem 2.47].) As usual, we let A be the C*-subalgebra of 
M{A) generated by A and 1m(A)- (Thus A = A if A is unital, and A is A with 
an identity adjoined otherwise.) We use minimal tensor products of C*-algebras 
throughout. 

Let G be a locally compact group. We use u : G — > M(C*(G)) to denote 

the canonical embedding, although sometimes wc will simply identify s G G with 
its image u{s) G M{C*{G)). Similarly, wc will usually not distinguish between 
a strictly continuous unitary homomorphism of G and its unique nondegenerate 
extension to G*(G). As a general reference for group actions we use [24], and for 
coactions we refer to [4, Appendix A]. 

1.1. Group Actions. An action of G on a G*-algebra A is a homomorphism 
a : G ^ AutA such that the map s ois{a) is norm continuous from G to 

A for each a € A. A covariant representation of (A, G, a) on a Hilbcrt space 
H is a pair (tt, [/), where n : A ^ B{7i) is a nondegenerate representation and 
U : G ^ B{H) is a strongly continuous unitary representation, which satisfies the 
covariance condition 

(1.1) 7T{as{aj) = UsTT{a)U* for a € A and s € G. 

More generally, for any G*-algebra B, a covariant homomorphism of (A, G, a) into 
M{B) is a pair (tt, U), where tt : A — > M{B) is a nondegenerate homomorphism 
and U : G ^ M{B) is a strictly continuous unitary homomorphism, which satis- 
fies (1.1). 

A crossed product for (A, G, a) is a G*-algebra A x„ G, together with a covariant 
homomorphism (Ia, ia) of (A, G, a) into M{A xi^ G) which is universal in the sense 
that for any covariant homomorphism (tt, U) of (A, G, a) into M{B) there is a 
unique nondegenerate homomorphism tt x J7 : Axi^G — > M{B), called the integrated 
form of (tt, [/), such that 

TT = (tt XI f/) o and U = {n >i U) o iq. 

The crossed product is generated by the universal covariant homomorphism in the 
sense that 

A Xa G = spaH{ iA{a)iG{f) : a e A and / € Gc(G) }. 
The space Cc (G, A) of compactly supported continuous functions from G into A is 
a *-algebra with (convolution) multiplication and involution given by 

{f*g){s)= [ mat{g{t-h))dt and f*{s) = f{s-'rA{s)-\ 
Jg 

where A denotes the modular function of G. The algebra Cc{G,A) embeds as a 
dense *-subalgebra of A x „ G via the map 

/ i-^ / iA{f{s))iG{s)ds, 
Jg 
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SO that if (tt, U) is a covariant homomorphism of {A, G, a), then 

TTX [/(/)= / 7r{ f{s))Uis)ds. 
Jg 

1.2. Coactions. A coaction of G on a C*-algebra A is a nondegenerate injective 
homomorphism S : A ^ M{A C*(G)) which satisfies the coaction identity 

(1.2) {6 O idc) o ^ = (id O 6g) o S, 
and which is nondegenerate as a coaction in the sense that 

(1.3) spaji{5{A){l<S:C*{G))} = Ai»C*{G). 

Here Sq ■ C*{G) M{C*{G) ® C*{G)) is the homomorphism determined by the 
unitary homomorphism of G given by s i-^- u{s) ® u{s). Note that condition (1.3) 
imphes nondegeneracy of 5 as a map into M{A^ C*{G)). 

A covariant representation of (A, G, (5) on a Hilbert space is a pair (tt, /i), 
where n : A ^ B{H) and fj. : Go(G) B{7i) are nondegenerate representations 
which satisfy the covariance condition 

(1.4) Ad(/i (g) id)(u;G)(7r(a) 1) = (tt id)((5(a)) for a e A. 

Here wg is the element of M{Co{G) G*(G)) which corresponds to the canonical 
embedding u : G ^ M{C*{G)) under the natural isomorphism of M(Go(G) 
G*(G)) with the strictly continuous bounded maps from G to M(G*(G)). More 
generally, for any G*-algebra B, a covariant homomorphism of {A, G, S) into M{B) 
is a pair (tt, /i), where tt : A ^ M{B) and : Go(G) — > M{B) are nondegenerate 
homomorphisms satisfying (1.4). 

A crossed product for (^4, G, ^) is a G*-algebra A G, together with a covariant 
homomorphism {jAjjc) of (^j G, (5) into A{f(j4 G) which is universal in the sense 
that for any covariant homomorphism (tt, /x) of {A, G, d) into M{B) there is a unique 
nondegenerate homomorphism Trx/ii^x^G— > M{B), called the integrated form 
of {^,11), such that 

TT = (tt X /z) o 7^ and /i = (tt x /i) o jc- 

The crossed product is generated by the universal covariant homomorphism in the 
sense that 

A X5 G = spaH{iA (a)iG(/) : a G ^ and / e Go(G) }. 
The dual action of G on ^4 x^ G is the homomorphism S : G Aut(A Xj G) given 
on generators by 

Ss{jA{a)jG{f)) = jA{a)jG{yts{f)), 
where rt denotes the action of G on Go(G) by right translation: vts{f){t) = f{ts). 

Given a representation vr of A on a Hilbert space H, the associated regular 
representation A of A x^ G on H L'^(G) is the integrated form 

A = ((7r0 A) o5) X (1 0M), 

where A is the left regular representation of G on L^{G) and M is the representation 
of Go(G) on L^{G) by multiplication: (M/0(s) = /(s)e(s). When tt is faithful, the 
associated regular representation is always faithful [4, Remark A. 43(3)], and thus 
gives an isomorphism between AxigG and the concrete G*-algebra 

A{A xs G) = spaH{ (tt A) o 5{a){l M/) -.a&A and / e Go(G) }. 
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The canonical surjection associated to 5 is the map 

$ = ((id O A) o 5 XI (1 o M)) X (1 O p) : xia G xi^ G ^ A O IC{L'^{G)), 

where p is the right regular representation of G on L^{G). (It almost goes without 
saying that, by convention, {XsOi*) = ^(s~^*) and (PsO(*) = ^{ts)A{s)^/'^ .) On 
the generators, <1> is given by 

$(M>..G(jA(a)jG(/))*G(5)) = {id (g>X)oS{a){l(g>Mfp{g)) 

for a G A, / e Co(G), and g G C*{G). The coaction 5 is maximal if the canonical 
surjection $ associated to 5 is injective; thus the maximal coactions are precisely 
those coactions for which full crossed-product duality holds in the sense that $ is 
an isomorphism ofAxi^Gx^G onto A (g) K{L'^{G)). 

Some of our coaction calculations will involve the Fourier- Stieltjes algebra B{G). 
(see [4, §§A.4-A.5] for brief survey or [8] for a more detailed treatment). In simple 
terms the Fourier-Stieltjes algebra B(G) is a space of bounded continuous functions 
on G which can be identified with the dual space C*(G)* via the formula 

f{9) = [ f{s)9{s) ds for / G B{G) and g € Ge(G) C G*(G). 
Jg 

By [8, Propositions 3.4 and 3.7], the intersection B{G) fl Go(G) is norm dense 
in Go(G). For / e B(G), the slice map id-A (E) f : A (g) C* (G) ^ A determined by 

(id^ Cx) f){a (E)b) = af{h) for a € A and b G G*(G) 

extends uniquely to a strictly continuous linear map id^ ® f '■ M{A (g) G*(G)) 
M{A), and moreover such slice maps separate the points of M{A G*(G)) ([4, 
Lemma A.30]). 

1.3. Fell Bundles. A Fell bundle over a groupoid is a natural generalization of 

Fell's G*-algcbraic bundles over groups treated in detail in [12, Chap. VIII] and 
discussed briefly in the introduction. We will refer to [16] for the particulars of 
Fell bundles over groupoids. Generally speaking, a Fell bundle p : ^ — > ^ is a 
upper semicontinuous Banach bundle over a locally compact Hausdorff groupoid 
G satisfying the axioms laid out in [16, Definition 1.1].^ It was observed in [1, 
Lemma 3.30] that the underlying Banach bundle of an upper semicontinuous Fell 
bundle over a group is necessarily continuous. (The authors of [1] attribute this 
observation to Exel.) Since all the Fell bundles in this work originate from Fell 
bundles over groups, they will necessarily be built on continuous Banach bundles.^ 
We will assume all the Fell bundles here are separable in that Q is second countable 
and the Banach space ToiG;^) of sections is separable. (This hypothesis is not 
only a sign of good taste, but it will also ensure that the results of [16] apply.) 

We are only interested in groupoids G with a continuous Haar system { A" }^jgg(o) . 
Then the set TciG]^) of continuous compactly supported sections of ^ has the 



^ There are a number of equivalent definitions of Fell bundles over groupoids in the literature 
starting with Yamagami's original in [25, Definition 1.1], as well as [14, Definition 6] and [2, 
Definition 2.1]. 

''An exception is that in sections 6 and 7 we work with general Fell bundles over groupoids, 
and there it is not necessary to assume that the underlying Banach bundles are continuous. 
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structure of a *-algebra: 

f*g{x):=ff{y)g{y-'x)d\-^-Hy) and /* (x) := /(x-^)*. 

Jg 

Then we can define a norm, || • ||/, on Tc{Q]!^) via 

11/11/ = ma^l sup / ||/(x)||rfA"(a;), sup / A„(x)|. 

"-weaw Jg «6S(o) Jg ' 

If H is a Hilbert space, then a *-homoniorphism L : Tc{G',^) BiTi.) is called 
11 • \\j-decreasing if ||L(/)|| < ||/||/ for all /. We say that L is a || • || /-decreasing 
representation if it is also nondegenerate in the sense that 

spa3T{ L(/)e : / e T^{g- ^) and ^ e H } = W. 

Then, by definition, the universal norm on Tc{Q] B§) is 

11/11 := sup{ ||i(/)|| : L is a II • || /-decreasing representation of Tc{G;^) }• 

The completion {£^{0;^), II ■ ||) is the C*-algebra C*{g,m) of the Fell bundle 

More generally, a nondegenerate *-homomorphism L : Tc{g,^) — > B{H) is 
called simply a representation if L is continuous when TdG;^) is equipped with 
the inductive limit topology and B{Ti.) is given the weak operator topology. It 
is a nontrivial result — a consequence of the Disintegration Theorem ([16, The- 
orem 4.13]) — that every representation of Tc{G;^) is || • || /-decreasing. Since 
II • 1 1 /-decreasing representations are clearly representations, we see that 

11/11 = sup{ ||i(/)|| : L is a representation of TdG; ^) } 

(see [16, Remark 4.14]). 

Lemma 1.1. Suppose that p : ^ Q is a Fell bundle over a locally corn,pact 
groupoid Q . If Ji is a locally compact groupoid and ip : Ti. ^ G is a continuous 
groupoid homomorphism, then the pull-hack q : (p*^ H is a Fell bundle over H 
with multiplication and involution given by 

{a,h){b,t) = {ab,ht) and {a, h)* = {a* , h^^). 

Proof. The proof is routine. For example, q : ip*^ — > W is clearly a Banach 
bundle (see [11, §11.13.7] where pull-backs are called retractions). The fibre over h 
is isomorphic to B^(^f^y The Fell bundle structure from ^ makes the latter into a 
^-Bs(v5(h))-iinpr™itivity bimodule. Since the fibre over s{h) is isomorphic 
to -B,^(s(/i)) and ip{s{h)) = s{(p{h}), the rest is easy. (Note that when G and H are 
groups, this result is [12, §VIII.3.17].) □ 

1.4. Fell Bundles over Groups. However, to begin with, we are interested in a 

(separable, of course) Fell bundle p : ^ G where G is a locally compact group. 
This case affords a number of simplifications, and also allows us to avoid some of the 
overhead coming from [16]. Note that a Fell bundle p : .s^/ ^ G over a group is what 
Fell and Doran call a C*-algebraic bundle over G (see [12, Definitions VIII. 16. 2 and 
VIII.3.1]). Since we ultimately treat Fell bundles over groups as a special case of 
a Fell bundle over a groupoid, our axioms require that p : ^ G is saturated in 



®It might be helpful to look over the examples in [16, §2] at this point. 
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the sense that spMi{A,At} = A^t for ah s,teG (see [12, §VIII.2.8]). We will often 
write Us for an element of A^; that is, Ug G and p{as) = s. 

We do make one deviation from the groupoid treatment when building the as- 
sociated C*-algebra, C*{G, s^). In order that we can easily obtain the usual group 
C*-algebra construction as well as the usual crossed-product construction as special 
cases, it is convenient to add the modular function. A, on G to the definition of the 
involution on Tc{G; s^/): 

r{s) = A{s)-\f{.s-'r 

(see [12, §V111.5.6]). Then the somewhat unsatisfactory || • ||/ reduces to the normal 
analog of the L^-norm: 

ii/iii:= / wmwds, 

Jg 

and the universal norm on Tc{G; s^) is given as the supremum over || • ||i-decreasing 

representations. As wc shall sec shortly (sec Remark 1.5), the isomorphism class of 
C* (G, s/) is the same as that obtained using the definition of the involution given 
for groupoids where no modular function is available. 

Assuming p : jz/ ^ G is a Fell bundle over a group, a *-homomorphism tt : jz/ ^ 
M{B) is just a map with the obvious algebraic properties. We call tt nondegenerate 
if 

spMi{Tr{Ae)B} = B. 

The next lemma shows that comes with a canonical nondegenerate strictly 
continuous embedding t : ^ — > M(G*(G, .2/)). Then Lemma 1.3 shows that 
the pair (G* (G, jz/), i) is in fact universal for strictly continuous nondegenerate 
*-homomorphisms of si/ into multiplier algebras. 

Lemma 1.2. Letp : ^ ^ G be a separable Fell bundle over a locally compact group 
G. There exists a strictly continuous nondegenerate *-hom.omorphism (- : .2/ — > 
M{C*{G,j^)) such that for ag G A^ and f gTc{G;j^), we have i{as)f €Tc{G;j^^), 

with 

(1.5) (/,(a,)/)(t) = aJ(s-H). 

Proof. For each Qs <E Ag, (1.5) clearly defines a linear map t(as) of rc(G;=2/) into 
itself. Here wc will view rc(G;.e/) as a dense subspacc of G*(G, jz/) viewed as a 
Hilbert module over itself. Then the inner product (/ , 5) = /* * 5 is rc(G;^)- 
valued on rc(G;^). It is easy to check that i(as)t(at) = ^(0^04), and a straight- 
forward computation shows that 

(1-6) {i{as)f ,g)={f, i{a:)g) 

(a similar, but more involved computation is given in detail in the proof of The- 
orem 5.1). Since ||as||^l^^ — a*as > in A^, there is a 6e € A^ such that 
llasll^l^^ — a*as = &*6e- Then, since (1.5) makes sense and l is multiplicative 
for elements of Ag, and since (1.6) also holds for be € Af., we see that 

hsfif , f) - {i{as)f , i{as)f) = (iihsflA^ - alas)f , /) 

= {i{be)f , t{be)f) > 

for all / G rc(G;^). It follows that /.(a,,) is bounded and extends to a bomided 
operator on G*(G,^) with adjoint t(a*). It is routine to verify that the resulting 
map l: ^ M{C*{G, si)) is a *-homomorphism. 
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To sec that L is nondegenerate, first note that Ag is an - Ae-imprimitivity 
bimodulc. Thus if { }jg/ is an approximate identity in A^., then aiUg as for 
any Og £ Ag. Then a messy compactness argument similar to that given in the 
proof of Theorem 5.1 shows that 1(0,)/ ^ / in the inductive hmit topology on 
rc(G;^) for any / £ Tc{G;^). Since convergence in the inductive limit topology 
implies convergence in the C*-norm, this establishes nondegeneracy. 

It only remains to prove strict continuity. Our separability assumptions on p : 
^ G allow us to invoke [11, Proposition 11.13.21] to see that jz/ is second 
countable. Thus, it suffices to show that if { a^^ } is a sequence in ^ converging to 
as, then i(as„) — * '-(ois) strictly. 

The convergent sequence { as„ } must lie in a norm-bounded subset of ,.e/, so the 
image (i(as„)) is a bounded sequence in M(C*{G,s^)) (because ||t(as)|| < ||as||). 
Thus, it suffices to show that i(cis„) i^{as) *-strongly; and since a*^ a* and 
L is *-preserving, it suffices to show strong convergence. Finally, since { t(as„) } is 
bounded, it suffices to show that t(as„)/ ^ '-(os)/ in the inductive limit topology, 
for each / e Tc{G\ s^). 

Suppose not; so there is / e Tc{G;.s^) such that i{as„)f does not converge to 
i{as)f in the inductive limit topology. Note that since s„ — *■ s in G, we can find 
a compact set if C G such that the supports of i{as)f and all the t{as^)f are 
contained in K, so it must be that the convergence is not uniform on K. So, 
passing to a subsequence and relabeling, we can find e > and tn ^ t in K such 
that for all n, 

lk(«sj./(f„)-t(a,s)./(t„)|| >e. 
But by joint continuity of multiplication in £/, wc have 

L{asjf{t) = as^f{s-H) ^ asf{s-H) = i(a,)/(i) 

in s^. Since this implies that the norm of the difference goes to zero, we have a 
contradiction. □ 

Lemma 1.3. Let p : G he as in Lemma 1.2. If B is a C*-algebra and 

no ■ —>■ M{B) is a strictly continuous nondegenerate *-homomorphism, then 
there is a unique nondegenerate homomorphism tt : C*{G,^) — *■ M{B), called the 
integrated form o/ttq, such that w o o = ttq. Moreover, 

(1.7) 7r(/)= / 7ro(/(s))ds for f eT,{G;^). 

Jg 

Conversely, every nondegenerate * -homomorphism ofC*{G,s^) is the integrated 

form of some such ttq. 

Remark 1.4. Note that the integral in (1.7) makes sense since ttq o / is strictly 
continuous so that we can apply, for example, [21, Lemma C.ll]. 

Proof. It is straightforward to check that (1.7) defines a *-homomorphism tt : 
r,(G;^)^M(B). 

To see that tt is nondegenerate, we need to see that 

span{ 7r(/)& : / S rc(G; i/) and 6 G B } 

is dense in B. To this end, fix a G and choose / G rc(G; ^) such that /(e) = a. 
Let { i^fc } be a sequence in G+ (G) with integral one whose supports shrink to the 
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identity. Let fk{s) = (fik{s)f{s). Then it is not hard to see that Tr{fk)b — »■ 7ro(a)6. 
Therefore, the nondegeneracy of tt follows from that of ttq. 

If L : B — > B{H) is a faithful representation, then L o tt is a || • ||i-decreasing 
representation of Tc{G; By the definition of the universal norm, 

l|i^°'r(/)||<||/||. 

Since the extension of L to M{B) is isometric, ||7r(/)|| < ||/||. Therefore, tt extends 
to C*{G,^). 

To prove uniqueness, we need to establish that 

(1.8) / i{f{s))ds = f, 

Jg 

where the equality in (1.8) is meant in M(C*(G, jz/)) . Therefore, it suffices to see 

that 

(1.9) (^j i{f{s))ds)g = j^i{f{s))gds = f*g for all 5 e re(G; ^). 

Thus we need to establish that the C*{G, ^)-valued integral in the middle of (1.9) 
takes values in (the image of) Tc{G; s^) in C*{G, £/) and coincides with f*g. This 
can be verified almost exactly as in the proof of [24, Lemma 1.108]. 

Now, if p : C*{G, £/) M{B) is a homomorphism such that po t = ttq, then by 
(1.8), for each / e Tc(G;s^) wc must have 

Pif) = p{f i{fis))ds)= I pW{s)))ds= j Mf{s))ds = 7rif). 

J G J G J G 

For the converse, let tt : C*{G,^) M{B) be a nondegenerate *-homomor- 
phism. By nondegeneracy, tt extends to a strictly continuous homomorphism of 
M(C*{G,i^)), so that Troi is a strictly continous nondegenerate ^-homomorphism 
of whose integrated form, by uniqueness, is tt. □ 

Remark 1.5 (Modular Differences), li p : ^ — » G is a Fell bundle over a locally 
compact group, then we could just as well have formed the C*-algebra Cq^{G,s^) 
by treating G as a groupoid. (That is, by leaving the modular function off the 
involution.) To see that Gqj.(G, i/) and C*{G,s^) are naturally isomorphic, we 
first observe that Lemma 1.2 and Lemma 1.3 remain valid for Gq^(G,j2/) using 
virtually the same proofs; the only difference is that Equations (1.5) and (1.7) 
must be modified to deal with the lack of modular function in the involution: 

(1.5)' (/,'(a,)/)(t) = A(s)^aJ(.s-4) and 

(1.7)' 7r(/)= / n',{f{s))^{s)-Us. 

JG 

Then notice that there is a ^-isomorphism ip : r^'"(G, ^) — » rc(G;^) given by 
v(/)(*) = •^(s)~ '/(«)■ We just need to see that ip is isometric with respect to 
the universal norm || • Hcr on Cq^{G,S!^) and || • || on C*(G,s/). To verify this, 
let M be a faithful representation of C*{G,£/). Then M is the integrated form 
of Mo : -S(H). But if L is the representation of Gqj.(G, ^) which is the 

integrated form of Mq, then 

||^(/)|| = ||M(^(/))|| = ||L(/)|| < ii/iig. 
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On the other hand, if L is a faithful representation of Cq^ (G, ^) which is the 
integrated form of Lq, then we can let M be the representation of C*{G,s^) that 
is integrated up from Lq. Then 

||^(/)||>||MM/))|| = |lL(/)|| = ||/||Gr. 

Thus ip is isometric. 

Remark 1.6. The same comments about modular functions apply to the standard 
group C*-algebra and crossed product constructions; that is, one can omit the mod- 
ular function in the definition of the involution and arrive at isomorphic algebras. 
However, you have pay for the luxury of modular-free involutions by adding the 
modular function to the integrated form of any representation as in (1.7)'. 

Proposition 1.7. Let p : 1J§ ^ Q he a separable Fell bundle over a locally compact 
groupoid Q , and let Xq he a dense subspaee of a right Hilbert A-module X. Suppose 
that L is a algebra homomorphism ofTdG',^) into the linear operators, Lin(Xo), 
on Xq such that for all x,y gXq 

(i) {L{f)x , y\ = {x , L{ny\, 

(ii) / 1-^ (^L{f)x , j/)^ is continuous in the inductive limit topology, and 

(iii) span{ L{f)x : f G Tc{G', ^) and a; G Xq } is dense in X. 

Then L is hounded with respect to the universal C*-norm on Tc{Q;^) and extends 
to a nondegenerate homomorphism L : C*{Q,^) ^ 

Proof. This proposition is a consequence of the disintegration result [16, Theor- 
em 4.13] for Fell bundles. To see this, let p be a state on A. Then 

{x I y)p := p{{y . x)J 

is a pre-inner product on Xq. After modding out by the subspaee Af of vectors of 
length zero, we get a pre-Hilbert space Ho ■= Xq/.A/' which we view as a subspaee 
of its completion H. Since 

{L{f)x I L{f)x)p = {x I Lif* * f)x)p, 

it follows from the Cauchy Schwartz inequality that L{f) maps AA to itself. There- 
fore L{f) defines a linear operator LP{f) on Ho via LP{f){x+Af) = L{f)x + N. It 
is clear that L'' defines a pre-representation of ^ on Hq as in [16, Definition 4.1]. 
Then [16, Theorem 4.13] imphes that 

{L{f)x I L{f)x), < Wffix I x)p. 

Since this holds for all states p, we have < jj/jj. The rest is straightforward. 

□ 

Proposition 1.8. Let .s/ he a separable Fell bundle over a groupoid Q. Every 
* -homomorphism from Tc{Q;^) into a C* -algebra which is continuous from the 
inductive limit topology into the norm topology is bounded for the universal norm, 
and hence has a unique extension to C*{Q,^). 

Proof. Suppose that tt : rc{G;-s/) ^ .B is such a homomorphism, and that p : 
B — > B{H) is a faithful representation of B on a Hilbert space H. Let 

Hi = span{ p o 7r(/)e : / S T.iG; ^),^gH}. 
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Then f ^ p o T^{f)\Hi is a representation of on TLi in the sense of [16, Defi- 
nition 4.7], since the operator norm topology is stronger than the weak operator 
topology. By [16, Remark 4.14], 

\\<f)\\ = \\poAf)\\ = \\poiT{f)\nA\<\\f\\ for all /er, (5;^). □ 

2. Product bundles 

lip : — » G is a Fell bundle over a locally compact group G, then the Cartesian 
product, ^ X G, carries a natural Fell bundle structure over G x G. The bundle 
projection q : xG^GxG is given by q{a, t) = (p(a), t) and the multiplication 
and involution are given by 

{as,t){br,u) = (asbrjtu) and {as,t)* = {al,t~^). 

(Indeed, the map {a,t) i-^ (a, {p{a),t)) is a bijection of ^ x G onto the pull-back 
Fell bundle (p*^/ — see Lemma 1.1 — where : G x G — > G is the projection onto 
the first factor.) 

Every section h G rc(G x G;£/ x G) is of the form 

h{s,t) = {hi{s,t),t), 

where hi G Gc(G x G, ^) satisfies hi_{s, t) e for s,t e G. For / 6 rc(G; .e/) and 
5 e Gc(G) we let / lEl denote the element of rc(G x G; ^ x G) defined by 

(/H5)(s,t) = (/(,s),9(t),t). 

Lemma 2.1. M^it/i the above notation, span{ JMgifG rc(G; £/) and g € Cc{G) } 
is inductive-limit dense in Tc{G x G;^/ x G). 

Proof. Put 5 = { / ^5 : / e T^{G] ^), g e C^G) }. Then for each {s, t) e G x G, 
{ h{s, t) : h € S} is easily seen to be dense in Ag x {t}, which is the fibre of the bundle 
xG over (s, t). Furthermore if w, w G Cc{G) and u(S$v is the function in Gc{GxG) 
given hy u® v{s, t) = u{s)v{t), then {u v)h G S for all m, u G Cc{G) and h e S. 
Then, because the u®v's span an inductive-limit dense subspacc of Gc(G x G), a 
straightforward partition of unity argument implies that span S is dense as required 
(see [11, Proposition n.14.6 and its remark] or [24, Proposition C.24]). □ 

For the study of the coaction associated to a Fell bundle over a group (specifically, 
in Section 5) we will need the following slight variation on Lemma 2.1: 

Lemma 2.2. Let ^ G be a Fell bundle. For f € Tc{G;^) and g G Gc(G) 
define f •g & Gc(G x G, s^) by 

f»9{s,t) = f{s)g{s-H), 

and define 

f-kg{s,t) = if •g(s,t),t). 
Then f^gG rc(G xG;^x G), and such sections have inductive-limit-dense span. 

Proof. It is obvious that f^gG Tc{G x G;^ x G). For the second statement, let 
S = span{ fi^g-.fe T^{G; ^) and g G Ge(G) }. 

To show that S is dense, we want to invoke a partition of unity argument exactly 
as in Lemma 2.1; thus it suffices to establish the following two assertions: 
(i) For each (s, t) G G x G, the set { h{s, t) : h G S} is dense in Ag x {t}; 
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(ii) For each K,r] € Cc{G) and h & S we have {k • r])h e «S, where similarly to the 

above we define k • 77(5, t) = K{s)rj{s^^t). 

(Note that (ii) suffices since the set of functions of the form k • ry have dense span in 
Cc{G X G) for the inductive limit topology, because this set is the image of the set 
{ u®v : u,v € Cc{G) } under the Hnear homeomorphism ^ : Cc(GxG) — > Cc(GxG) 
defined by 

^iip)is,t)=ipis,s-H), 
and the functions u (g) v have dense span in the inductive limit topology.) 

For (i), if Us S Ag we can choose / G Tc{G;s^) and g € Cc(G) such that 
f{s) = as and g{s~^t) = 1, and then 

f-kg{s,t) = {as,t). 

For (ii), just observe that 

{K»'n){f-kg) = {Kf)-k{r]g). □ 
3. Coactions from Fell bundles 

As mentioned in the introduction, if a is an action of a locally compact group G 

on a C*-algebra B, then £/ = B x G has a natural FcU-bundlc structure such that 
C*{G,£/) = B G. Then the dual coaction on B xi^G gives us a coaction on 
C*{G,j^). In this section, we show that if p : s^/ — > G is any Fell bundle, then 
G* (G, £/) admits a natural coaction S generalizing the dual coaction construction 
just described. 

Proposition 3.1. Let ^ be a separable Fell bundle over a group G. There is a 
unique coaction S of G on G* (G, .g/) such that 

(3.1) S{i{as)) = i{as) (8) s for € Ag and s G G. 

Proof. For the proof we will make explicit the canonical map u : G ^ M {C* (G)) . 
Consider the map 5o : ^ ^ M(G*(G, ^)(8)G*(G)) defined by (5o(as) = i(as)®u(s). 
This clearly gives a *-homomorphism of and nondegeneracy of So follows directly 
from nondegeneracy of t. That 60 is strictly continuous follows from strict continuity 
of L : M{G*{G,£/)) and u : G ^ M(G*(G)). To see this, let as, as in 

^, and let x G C*{G,^) C*{G). Since C*{G,^) embeds nondegenerately in 
M{C*{G, £/) ® G*(G)) via 6 6 ® 1, by the Hewitt-Cohen factorization theorem 
we can write x = {b ^ l)y for some 6 G G*(G,^) and y G G*(G,^/) (g) C*{G). 
Since i{asi)b i{as)b in norm, we have t(as.)6 1^ i(as)& (8) 1 in norm in 
M(G*(G,i/) «) G*(G)). Since the map u : G ^ M{C*{G)) is strictly continuous, 
and since as, — > implies Sj ^ s in G, we have (1 ® u{si))y — > (1 ig) u{s))y in norm 
in C*{G, (8> C*{G). Since multiplication is norm continuous, 

((-(asj (8>u(si))a; = ((-(a^J ^u{si)){b® l)y = {i{asjb^ l)(l ®u{si))y 
converges in norm to 

(t(as)6(8) l)(l 0u(s))!/ = (i(as) ^u{s))x. 

Thus Lemma 1.3 gives a unique nondegenerate *-homomorphism 6 : C*{G, s^/) 
M{C*{G,j^) O G*(G)) such that 5 o t = ^o, and by (1.7) we have 

S{f) = [ t{f{s)) ® u{s) ds for / G re(G; ^). 
Jg 
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To see that S is injective, let 1g : G ^ C be the constant function with value 1, 
and regard 1g as an element of the Fourier-Stieltjes algebra B{G) = C*{G)* . Then 
for / £ Tc{G; s/) equation (1.8) and strict continuity of the slice map give 

(id®lG)W))= j{ld®lGmf{s))®u{s))ds = J i{f{s))ds = f. 

Thus (id 1g) o S = idc-(G,si^) by continuity and density, so 5 is injective. 
Now if tts & As, then 

{S (gi id) o 6o{as)) = {S ® id)(t(as) (g) u{s)) = L{as) ® u{s) ® u{s) 
= (id (g) i5G)(t(as) ® u{s)) = (id ® 5g) o 5o(as)- 

Thus the coaction identity (1.2) follows from uniqueness in Lemma 1.3 together 
with the usual manipulations with vector valued integrals as justified, for example, 
in [21, Lemma C.ll]. 

Finally, for the nondegeneracy condition (1.3), we elaborate on the argument 
sketched in the paragraph preceding [7, Lemma 1.3]. Consider the map C^q : x 
G M{C*{G,£/) (g) C*(G)) defined by Co{as,t) = t(a^) ® u{t), where ^ x G is 
the Fell bundle over GxG defined in Section 2. Arguing as for Sq shows that Co 
is a strictly continuous nondegenerate *-homomorphism, and so Lemma 1.3 gives a 
nondegenerate *-homomorphism C : C*{G x G,^ x G) ^ M{C*{G,j2f) G*(G)) 
such that C ° = Co- 
in particular, using (1.7) and (1.8) we have, for / e rc(G; £/) and g S Cc{G), 



(if ^9) = I Coiif ^9){s,t))d{s,t) 

JGxG 

= 11 W{s)9{t),t)d8dt 

JG JG 

= I i{f{s))ds® I 9{t)u{t)dt 

JG JG 

= f^9, 



which imphes that ( maps G*(G x G, .c/ x G) onto (and into) G*(G, £/) G*(G). 

Similarly, if f-kg is the element of rc(G x G; ^ x G) defined in Lemma 2.2, then 
for a (8> 6 e G* (G, ^) (g) C* (G) we have 



C{f*9){a(^b) = / Coif*9){s,t){a®b)d{s,t) 

JGxG 

= 11 Co{ f{s)9{s-H),t){a^b)dtds 

JG JG 

= 11 i{}{s))a® 9{s~^t)u(t)bdtds 

JG JG 



which, after t st, is 



gJg 



L{f{s))a (g g{t)u{st)bdt ds 
/ / {i-ifis)) iSiu{s)){aiSi 9{t)u{t)b) dtds 

JG JG 
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= ( J Wis)) ds) (y 1 ® g{t)u{t) dt) (a (g) 6) 
= 5{m®g){a(^b). 



Thus, the multiplier <5(/)(l g) of C*(G, ^) C*{G) coincides with the image 
C(/ * 5)) the set of sections of the form f -k g was shown in Lemma 2.2 to 
have dense span in Tc{G x G; jz/ x G), so the images C,{f * g) have dense span in 
C*{G, £/)®C*{G). It follows that 5 satisfies the nondegeneracy condition (1.3). □ 

Remark 3.2. It is clear from the above proof that saturation of the Fell bundle 
^ ^ G is not necessary for Proposition 3.1. 

Remark 3.3. Not every coaction is isomorphic to one constructed from a Fell bundle 
as in Proposition 3.1 [13, Example 2.3(6)]. For abelian G, in [6, Theorem 11.14] 
Exel effectively characterizes which coactions do arise from Fell bundles (modulo 
the correspondence between coactions of G and actions of the Pontryagin dual 
group G). 

Proposition 3.4. Let £/ be a separable Fell bundle over a group G, and let 
6 be the eoaction of G on G*{G,£^) described in Proposition 3.1. Further let 
TTo : .2/ ^ M{B) be a strictly continuous nondegenerate *-homomorphism, with 
integrated form tt : G*(G,^) M{B), and let ^ : Ca{G) M{B) be a non- 
degenerate homomorphism. Then the pair (tt, jS) is a covariant homomorphism of 
{C*{G, ^), G, S) if and only if 

(3.2) 7ro(as)/u(/) = iJ,o\ts{f)'n-o{as) for s € G, Us G and f G Go(G), 
where It is the action of G on Go(G) by left translation: lts{f){t) = f{s~^t). 

Proof. First assume that (tt, /i) is covariant. Because B{G) fl Go(G) is dense in 
Go(G), it suffices to verify (3.2) for / G B{G). So fix / G B{G), and put g = 
lts{f) G B{G). By [4, Proposition A.34], we have 

(ids <8) 5) ( (m id) {wg )) = nig) 
where id (g) 5 : M(Go(G) G*(G)) M{Co{G)) denotes the slice map. Then 
M ° lts(/)7ro(as) = ii{g)-Ko{as) 

= (ids O 5) ( (/U (8) id) (wg )) ttq («« ) 
which, by [4, Lemma A. 30] , is 

= (ids O g) ((/i 18) id)(wG)(7r(t(as)) O 1)) 
which, by the covariance condition (1.4), is 

= (ids ^ 5)((7r ® id)((5(t(as)))(Ai ® id)(wG)) 
= (ids (g)5)((7r(i(a^)) (g) w(s))(/u(g)id)(w;G)) 
= (ids g){{'Ko{as) 1)(m id)((l (g) u{s))wg)) 

which, after applying [4, Lemma A. 30] and writing (It^-i (g)id)(wG) for the multiplier 
r I— > u{sr), is 

= 7ro(os)(ids (8> g){{n id)((lts-i id)(wG))) 
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which, since (/i^id) o (It^-i (g)id) = ^olt^-i (gid as a nondcgcncrate homomorphism 
of Co(G) ® C*(G) into M{B) ® C*(G) C M{B (g) C*(G)), is 

= 7ro(as)(ids ^ g){{fi oltg-i ^id){wG)) 

which, by [4, Proposition A. 34], is 

= 7ro(a,s)/i o \t,-i{g) 
= 7ro(as)/z(/). 

Conversely, the above computation can be rearranged to show that, if (3.2) holds, 
then 

(ids (g)5()((/x(g)id)(u;G)(7r(<-(a^)) O 1)) = {ids ^ g) {{it ^ id) {6 {L{as))){fJ.^ id) (wg)) 

for every g G B{G). Since slicing by elements of B{G) separates points in 
M(G*(G,^) ® G*(G)), it follows that the covariance condition (1.4) holds for 
every a of the form i{as), which then implies (by Lemma 1.3) that it holds for 
every element of C* (G, ^). □ 

We include the following proposition since it might be useful elsewhere, although 
we will not need it in the present paper. 

Proposition 3.5. If a is an action of a group G on a C* -algebra B, and si ^ G 
is the associated semidirect-product Fell bundle, then the isomorphism 

B yiaG^C*{G, ^) 

carries the dual coaction a to the coaction 6 of G on C*{G,^) described in Propo- 
sition 3.1. 

Proof. We recall that the isomorphism : B xia G ^ G*{G,s^) is characterized 
on generators by 

0{iB{b)iGif)) = I f{s)i{b, s) ds for 6 e B and / G Gc(G) 

Jg 

(which follows from [12, §VIII.5.7]). Thus, 

Soe{lB{b)lG{f))= [ f{s)6{L{b,s))ds 

Jg 

= / f{s)i{b,s) iS> sds 
Jg 

= [ f{s)i9^id){iB{b)iGis)®s)ds 
Jg 

= I f{s){e ^ id) oa{iB{b)iG{s))ds 
Jg 

= {6^ id) oa{iB{b)iG{f)). □ 
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4. Transformation bundles 

Having defined a coaction S on the C*-algebra C*{G,£/) of a Fell bundle over 
a group, an obvious next step is to consider the corresponding crossed product. In 
the next section, we will show that C*{G, si) G is isomorphic to the C*-algebra 
of a Fell bundle over a groupoid. The purpose of this short section is to describe 
that groupoid and Fell bundle. 

Let G be a locally compact group, and let G xit G denote the transformation 
groupoid associated to the action It of G on itself by left translation, with multi- 
plication and inverse 

(.s,tr)(f,r) = (st,r) and (s, = (s~\ st) for s,t,r€G. 

Note that the unit space is (G G)° = {e} x G, and the range and source maps 
are given by 

r(s, = (e, sf) and s(s,t) = (e,f). 
It it not hard to check that we get a left Haar system on G x ^ G via 

/ f{u,v)dX'''^''*\u,v)= [ f{u,u-'^st)du for / e Gc(G Xu G). 

JgxhG Jg 

Now let ^ G be a Fell bundle over the locally compact group G. The map 
ip : {s,t) ^ s IS a, groupoid homomorphism of G Xn G onto the group G. The pull- 
back Fell bundle i^*s^ (see Lemma 1.1) will be called the transformation Fell bundle 

Xit G ^ G Xit G. We will use the bijection (a^, (s,f)) ^ {as,t) to identify the 
total space of ^ Xit G with the Cartesian product ^ x G. Then the multiplication 
is 

{as,tr){bt,r) = {ash^r) for s,t,r e G, G As and bt G At, 
and the involution is 

{as,t)* = (a*, si). 

For future reference, the convolution in rc(G Xit G; ^ Xit G) is given by 

(4.1) {h*k){s,t)= / h{u,u~'^st)k{u~^s,t)du 

Jg 

and the involution by 

(4.2) h*{s,t) = h{{s,t)-'^y = h{s-'^,sty. 
Note that every h €Tc{G Xu G; ^ Xit G) is of the form 

h{s,t) = {hi{s,t),t) 
for a continuous function hi : G Xn G ^ ^ with hi{s, t) G Ag. 

5. Coaction crossed product 

Our purpose in this section is to prove the following: 

Theorem 5.1. Let be a separable Fell bundle over a group G, and let 6 be the 

associated coaction on C*{G,,b/) described in Proposition 3.1. If q : X\t G ^ 
G XitG is the transformation Fell bundle constructed in the preceding section, then 
there is an isomorphism 

6»:G*(G,^) X5G^G*(GxitG,^XitG) 
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such that 

(5.1) e{jc-iG,^)if)jG{g)) = (A^/) Kff for f G re(G;^) and g e C,{G), 

where (A^ f) ^ g € TdG Xh G;^ Xh G) is defined by ((A'/) Kl g){s,t) = 
{A{s)'^f{s)g{t),t). 

Remark 5.2. For G discrete, this is a special case of [5, Corollary 2.8]. 

Proof. We will obtain 9 as the integrated form of a covariant homomorphism 

{6^,60) of {C*{G,.s/),G,6) into M(C*(G xu G,^ xu G)) such that 

(5.2) O^{f)0G{g) = (A^/) K .9 e r,(G Xu G; ^ x^ G) 

for / e rc(G;£/) and g G Gc(G). It wiU follow that 9 = 9^^ 9g maps A X5 G 
into G*(G xit G, ^ xit G), satisfies (5.1), and is surjective because {f^g-.fe 
Tc{G; £^),g G Gc(G) } has inductivc-limit-densc span in TdG x^ G; Xu G). Wc 
will show that 9 is injcctivc by finding a representation 11 of G*(G Xit G, ^ Xit G) 
such that n o 6* is a faithful regular representation of G*(G, £/) yig G. 

We will obtain 9^ ; G*(G,^) M{C*{G Xu G,i^ Xjt G)) as the integrated 
form of a *-homomorphism 6*15^ : =2/ ^ M(G*(G x it G, ^ x it G)) (as in Lemma 1.3). 
Given G A^, we define an operator 9^{as) on rc(G Xit G; jz/ Xit G) by^ 

(5.3) «(a«)/i)(i,r) = (a,/ii(s-H,r)A(s)5,r). 

Then it is straightforward to verify that Of {as)6Q {at) = 6q {asat). Moreover, if 
h,k & Tc{G xit G;s^ x^ G), we have 

{9f{as)h , k){t,r) = {{Of{as)hr*k){t,r) 
which, in view of the formula for convolution given by (4.1), is 

= / {9f{as)hy{u,u-Hr)k{u-H,r)du 
Jg 

which, using the formula for the involution given by (4.2), is 

= / {Of{as)h){u-^,tr)*k{u-H,r)du 
Jg 

= / {ashi{s~^u~^,tr)A{s)^ ,tr)* {ki{u~^t,r),r) du 
Jg 

= I {hi{s-'^u-'^,tr)*a*A{s)i,u-Hr) {ki{u-H,r),r) du 
Jg 

= [ (hi{s-'^u-\tryalki{u-H,r),r) A{s)idu 
Jg 

which, after sending u>-^ us~^, is 

= / {hi{u-^,tr)*alki{su~H,r),r) A{s)-Uu 
Jg 

^The operator Of (as) defined in (5.3) is analogous to i{as) defined in Lemma 1.2. The 
modular function appearing in its definition is required to make df *-preserving. It is necessary 
here because there is no modular function in the involution in Tc{G Xn G; Xn G). 
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= / {hi{u-^,tr)*,u-Hr){alki{su-H,r)A{s)-^,r)du 
Jg 

tr), tr) * (a*A;i (su~H, r) A(s)~5 , r) du 

= f h{u-^ ,tr)*{e^ {a*)k){u-H,r) du 
Jg 

= [ h*{u,u-Hr){ef{al)k){u-^t,r)du 
Jg 

= {h**{6^{al)k)){t,r) 
= {h,e^{al)k){t,r). 

If we choose b,, G Ae such that ||as|pl^^ — 0*0^ = b%be, then since Oq makes sense 
and is multiplicative on A^, and since the preceding computation certainly holds 
for he G Ae, we see that 

\\asf{h , h) - {ef{as)h , ef{as)h) = «(||a«||2u^ - a>,)/i , h) 

= {e^{be)h , 9^{be)h) > 

for all h e Tc{G Xit G;^ Xit G). Thus 9q {as) extends to a bounded adjointable 
operator on C*{G Xit G, Xit G) and we get a *-homomorphism : ^ 
M{C*{Gx,, G,^xit G)). 

We need to show that 9^ is strictly continuous and nondegenerate. For non- 
degeneracy, let {ci} be an approximate identity in A^. It suffices to show that if 
ft e rc(GxitG; ^ XitG) then 9q {ei)h — *■ /i in the inductive limit topology/ Notice 
that 

9^{ei)h{r,t) = {eihi{r,t),f). 
Since each Ar is an -^de-imprimitivity bimodule, eihi{r,t) — > h\{r,t) for any 
{r,t) € G Xit G. Fix e > 0. Since a ^ \\a\\ is continuous on jz/, we can cover 
supp h\ with open sets V\,. . . ,Vn and find aj G Ag such that 

\\ajhi{r, t) - hi{r, < | for all (r, t) e Vj. 

Let { } C C^{G Xit G) be such that supp tpj C T^- and 

^^ 95j(r, i) < 1 for all {r,t), with equality for (r, G supp/ii. Define a G 

Gc(G xit G,A,) by 

= X!'''J('''*)'^J■ 
j 

Then 

s 

\\a{r,t)hi{r,t) - hi{r,t)\\ < - for all {r,t). 
Clearly, there is an to such that i > io implies that 

\\eia{r,t) - a{r,t)\\ < ^ for all {r,t). 

3(||/ll||oc + 1) 

Since ||ej|| < 1 for all i, wc sec that i > io implies 
\\9^{ei)h{r,t)-h{r,t)\\ = \\eMr,t) - hi{r,t)\\ 



'^This could be proved using [16, Lemma 8.1]. However, the proof of that lemma given in [16] 
is incorrect. Fortunately, it can be fixed along the same lines as presented here. 
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< \\eihi{r,t) - eia{r,t)hi{r,t)\\ + \\eia{r,t)hi{r,t) - a{r,t)hi{r,t)\\ 

+ \\a{r,t)hiir,t)-hi{r,t)\\ 

< 2\\hi{rA) - a{r,t)hi{r,t)\\ + \\eia{r,t) - a{r,t)\\\\hi\\oo 




Therefore 9^ {ei)h h uniformly, so since supp0g^(ei)/i = supp/i for all i, we have 
0^ {ei)h h in the inductive limit topology, as desired. 

Finally, for strict continuity we note that our separability assumption on p : .e/ — > 
G guarantees that ^ is second countable [11, Proposition 11.13.21]. Thus, it suffices 
to show that 9^ takes convergent sequences to strictly convergent sequences. 

So suppose { } is a sequence converging to a in . Let s = p{a), and for each i, 
let Si = p{ai); so Si ^ s in G. Since { } must lie in a norm-bounded subset of 
£/, the image { 9^{ai) } is a bounded sequence in M{C*{G Xu G, .c/ Xn G)). Thus 
it suffices to show that 9q {ai) 9q {a) *-strongly [21, Proposition C.7]. Since 
a* — > a* and 6^ is *-preserving, it suffices to show strong convergence. Since 
{ 9q [ai) } is bounded, it suffices to show that 9^ {ai)h — »■ 6q {a)h in the inductive 
limit topology for each h c{G X\t G\ si^ Xit G). 

We can replace {ai] by a subsequence (keeping the same notation) such that the 
Sj's lie in a fixed compact neighborhood of s. Then the supports of the 9ff (ai)h^s all 
lie in a fixed compact set, so it suffices to show that 9q {ai)h — > 9^ {a)h uniformly. 
If not, then there are (rj, ti), all lying in a compact subset of G Xjt G, and an ^ > 
such that 



Of course, we can pass to a subsequence, relabel, and assume that {ri,ti) {r,t). 
But the left-hand side of (5.4) equals 



X , and since multiplication is continuous from jz/ x ^ ^ it follows that 
aihi{s~^ri,ti) — ahi{s~^ri,ti) tends to Oa^ in j^. Therefore, (5.5) tends to zero, 
and this contradicts (5.4). Thus 9lf is strictly continuous. 



Having dealt with 9^ , we turn to the definition of 9a- For / e Go(G) and 
h e rc(G xit G; ^ xit G) define 



We note that (5.6) makes perfectly good sense for / e Go(G)'", and then 9G{fg) = 
^GiD^cid) for f,g& Go(G)~. Another computation shows that 



for all such /. Writing \\f\\^ — ff = gg iov some g e Go(G)~, we thus have 



(5.4) 



\K{ai)h{ruU)-9f{a)h{n,U)\\>s. 




(5.6) 



{0G{f)h){s,t) = {f{st)h,{s,t),t). 



{9G{f)h , k) = (h , 9G{f)k) 



\\f\\l{h , h) - {9G{f)h , eG{f)h) = {9G{g)h , eG{g)h) > 
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for all h. Therefore 6*0 (/) is bounded and we get a *-honiomorphism of Co{G) into 
M(C*(G xit C^xitc)).' 

We let be the integrated form of 6^ (see Lemma 1.3). To see that {6^,6g) 
is covariant, we will use Proposition 3.4. For as G As, f G Cc{G), h G Tc{G x 
G;s^ X G), and r,t £ G we have 

{e^{as)eG{f)h)ir,t) = {asi9G{.f)h),{s-'r.t)A{.s)Kr) 

= {asf{s''rt)hi{s-\,t)A{s)Kr) 

= {\tsif)irt)ashi{s-\,t)A(s)Kr) 

= {\ts{f)irt){9fia,)h),ir,t),r) 

= {eGolts(f)9^{as)h){r,t). 

To verify (5.2), for h G rc(G Xit G; Xit G) we have 

{eAf)eG{9)h){s,t) = J {9fif{r))eG{g)h)is,t)dr 

= J {.f{r){9G{g)hh{r-h,t)A{ry^,t)dr 

= J {f{r)g{r-ht)hi{r-h,t)A{r)Kt)dr 

= J {f{r)A{r)ig{r-ht),r-\st){h,(r-h,t),t)dr 

= j {{A^f)Mg){r,r-^st)h{r-^s,t)dr 

= {{{A^f)mg)*h){s,t). 

As outlined at the start of the proof, it follows from the above that the integrated 
form 9 = 9^ yi 9g maps A G (into and) onto G*(G x^ G,^ Xit G). To show 
that 6 is faithful, we will now construct a representation 11 of C*{G X\^G,s^ Xit G) 
such that n o 6* is the regular representation A = (tt^ (gi A) o (5 x (1 (g) M) associated 
to a faithful representation tTj^/ of G* (G, ^) . This will suffice since A is faithful by 
[4, Remark A.43(3)]. 

So let TTj^ be a faithful nondegencratc representation of G* (G, s/) on a Hilbert 
space Ti. Of course, -Ks^ is the integrated form of a representation ttq of by 
Lemma 1.3. For h G rc(G Xit G;^ xu G) and ^ G Cc{G,n) C W o ^^(G), define 
no(/i)^ : G ^ W by 

(5.7) {Uo{h)^){t)= [ 7r^{hiis,s-H))as-H)A{s)-ids; 

Jg 

the integrand is in Gc(G x G,H), so (5.7) does define a vector in H, and Ilo{h)^ G 
Cc{G, H). It follows that (5.7) defines a linear operator Iio{h) on the dense subspace 
Cc{G,n) of H(g)L2(G). 

By [16, Theorem 4.13], to show that Hq extends to a representation H : G*(G x^ 
G, ^ G) — > B{H<Si L^{G)), it suffices to show that Hq is a pre-representation 

*In fact, modulo the obvious identification of G with (G Xn G)'"', 9g is just the natural map of 
Co(£<(°') into the multiplier algebra of the C*-algebra C*{g,a) of a Fell bundle over a groupoid 
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of Xit G on Cc(G,H). Recall from [16, Definition 4.1] that to say that Hq 
is a pre-representation means that Hq : VciG G\s^ Xit G) — *■ Lin(Cc(G,H)) 
(where Lin(Cc(G, 7i)) denotes the algebra of all linear operators on the vector 
space Cc{G,'H)) is an algebra homomorphism such that for all ^, S Cc{G,H): 

(i) h (llo{h)^ , rj) is continuous in the inductive limit topology; 

(ii) (no(/^)e ,v) = {i. no(/i*)r;); and 

(iii) no(rc(G Xit G;^/ Xit G))C^{G,n) has dense span in U <S> [G) . 

Ho is obviously linear; we verify that it is multiplicative: for f,g& Tc{Gx\tG; X\t 
G) and ^ G Co{G,H) we have 

(no(/*ff)0(i)= / 7ro^((/*ff)i(s,s-4))^(s-4)A(s)-^ds 
= / / 7rS^(/i(r,r-it)<?i(r-is,s-it))$(s-H)A(s)-5dsdr 

JG JG 

which, after s i— > rs, is 

= / / ^S^(/i(r,r-H)5i(s,s-V-iO)e(s"V-4)A(rs)-^dsdr 

JG JG 

= I <{h{r,r-H)) 

JG 

( j ^0 {91 {s, s-^r-H))^{s-^r-H)A{s)-^ ds) A(r)- ^ rfr 

= (no(/)no(5)OW- 

For (i), it suffices to show that if K C G xG is compact and is a sequence 
converging uniformly to in Tk{G x^ G, ^ Xit G) then 

(Uoihn)^ , Tj) ^ for alU,r?GGe(G,W). 

We have 

(no(/i„)^ , ^) = / ((no(/i„)0(*) ' v{t))dt 

JG 

= I f{noihn{s,s-hms-h),r^(t))dsdt, 

JG JG 

which converges to since the integrands converge uniformly to and the integra- 
tion is over a compact set. 
For (ii) we have 

{uom,v)= I {{nom){t),v{t))dt 

JG 

= 11 {7TS'{hi{s,s-Hms-H) ,v{t))A{s)-i dtds 

JG JG 

= I I ias-'t) ,nf{h,{s,s-HrUt))A{s)-i dtds 

JG JG 

which, after 1 1— > st, is 

= 11 {m,^o{hi{s,tr)v{st))A{s)-idtds 

JG JG 
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which, after s i— > s ^, is 

= / / (m ,<{hi{s-\tr)r,{s-H))A{srUtds 

JG JG 

= / [ im ,^f{{h*)i{s,s-H)Us-H))A{s)-idsdt 

JG JG 
JG 

For (iii), it sufBces to show that for / e Tc{G; s^) and g £ CdG) we have 
no((A5/) mg) = (tt^ ® A) o 5{f){l ® Mg), 

because the ranges of the operators on the right-hand side have dense span in 
Ti ® L'^{G) since the regular representation of A G is nondegenerate. For ^ e 
Cc{G,'H) we have 

{li,{{Ah f)Mg)i){t)= f nf{{fmgUs,s-h))i{s-H)A{srids 

J G 

= I nf{f{s))g{s-Hns-H)ds 

JG 

= / 7r^{f{smMgO{s-'t)ds 

JG 

JG 

= I {{7r^{f{s))®XsMg)^)it)ds 

JG 

= [ {{n^{i{f{s)))^XsMg)^){t)ds 

JG 

= [ ((tt^® A)(i(/(s))«)u(s))(l«)Mg)$)(i)ds 

JG 

= [ {{n^^X)o5{t{f{smi^Mg)^){t)ds 

JG 

= ((7r^®A)o5(/)(l0Mg)C)(t). 

As we explained above, we now can conclude that Ho extends uniquely to a non- 
degenerate representation 11 of C* (G x it G, ^ x it G) , and then the above calculation 
verifies that 11 o agrees with the regular representation A = (tt^ (8)A)o(5x(l(g)M) 
on the generators jA{f)jG{g) for / G rc(G; £/) and g € Cc{G). Hence YioO = K 
on all of G*(G, s^) x^ G by linearity, continuity, and density. □ 

6. Semidirect-product bundles 

To prove our main theorem in Section 8, we are going to need to build a Fell 

bundle over groupoid arising as a semidirect product. In this section, we give; the 
construction of this semidirect-product Fell bundle. We will investigate the structure 
of the corresponding Fell bundle G*-algebra in Section 7. 
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To begin, let G he a locally compact HausdorfF groupoid with Haar system 
{ }ueg(°^ ' ^^'^ G be a second countable locally compact group. An action 
of G on ^ is a homomorphism f3 : G ^ Aut G such that {x, t) i-^ (3t{x) is continuous 
from ^ X G to ^. (Note that automorphisms of a groupoid do not necessarily fix 
the unit space pointwise.) Given an action /3 of G on G, the semidirect-product 
groupoid G Xff G comprises the Cartesian product G x G with multiplication 

{x,t){y,s) = {xf3t{y),ts) 

whenever s{x) = l3t{r{y)) and inverse {x,t)~^ = {l3f-i{x~^),t~^) ([22, Defini- 
tion 1.1.7]). Note that we have {G Xfj Gf = G° x {e}, with 

r{x,t) = {r{x),e) and s{x,t) = {l3^^{s{x)),e). 

Also note that Cc{G) Cc{G) is inductive- limit dense in CdG X/3 G). 

Now suppose p : ^ ^ G is a, separable Fell bundle over G- An action of G 
on is a homomorphism a : G — > Aut^ such that {b,t) at{b) is continuous 
from .'SS X G ^ together with an associated action P oi G on G such that 

p{aiib)) = fii{p{b)) for alH G G and 6 e ^. 

Remark 6.1. The compatibility of a and (3 allows us to write down, for each t ^ G, 
an automorphism at of Tc{G', ^) given by 

(6.1) oit{f){x)=at{f{Pt\x))- 

Since at is clearly continuous from the inductive limit topology to the norm 
topology, it follows from Proposition 1.8 that at extends to an automorphism of 
G*{G,^)- Similarly, t t— > «*(/) is continuous from G into C*{G,^), so we obtain 
an action a of G on G*{G-, SS). 

Proposition 6.2. Let a be an action of G on a Fell bundle p : £/ G , with 
associated action (3 of G on G- Then the Banach bundle q : XaG ^ G x pG with 
total space ^ x G and bundle projection q{b,t) = {p{b),t) becomes a Fell bundle 
when equipped with the multiplication given by 

{bx,t){cy, s) = {bxat{cy),ts) whenever s{x) = r{l3t{y)) 

and the involution given by 

{bx,ty = {at-.{bxy,t-^). 

We refer to a Fell bundle which arises from a group action as in Proposition 6.2 

as a semidirect-prod,uct Fell bundle. 

Sketch of Proof. For convenience, we'll write C(^x^t) for the fibre oi B§ x^G over 
{x,t). Verifying the axioms that ^ x „ G is a Fell bundle is routine with the possible 
exception of seeing that G(a;() is a C{^r(x),e)~Gf^p-i(^_^^^.y^ ^^-imprimitivity bimodule 
with respect to the operations inherited from x^G. However, C(,j~^t) is naturally 
identified with B^, and the latter is given to be a ^Ss(2.)-imprimitivity bi- 
module with respect to the operations inherited from Furthermore, at restricts 
to a G*-algebra isomorphism of ^^-1(5(3,)) onto Bgi^^y Therefore B^ is naturally a 
i?r(x) ~-B^-i(s(x))"™P'^™itivity bimodule. The right action is given by x-b = xat(b) 
and the right inner product is given by 
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Now it is a simple matter to see that the given operations in G induce the 

same structure on C(^_t) as does the identification of C(j..4) with B^- □ 

In order to have a Haar system on a semidirect-product groupoid Q x ^ G, we 
win need (3 to be compatible with the Haar system on Q in the following sense. 

Definition 6.3. An action (3 : G ^ Aut Q is invariant if for all u G Q'^^\ f G Cc{Q), 
and t G G we have 

/ m{y))dX^{y)= [ /(y)rfAA(«)(y), 
Jg Jg 

i.e., transforms the measure on r~^(u) to the measure on r~-^(/3t(it)). If a : G ^ 
Aut ^ is an action on a Fell bundle ^ — > ^ with associated action (3 : G ^ Aut Q, 
we say a is invariant if /3 is. 

Proposition 6.4. Lei /? : G Aut^ 6e an invariant action on a groupoid Q with 

Haar system {X^j^^gm ■ Then 

dA("^'^)(2/,s) = dA"(y) ds 

is a Haar system on Q xpG. 

Proof. The left-invariance property we need is that for h e Gc(^ x^ G) and (x, t) € 
Q G we have 

/ h{ix,t){y,s))dX<^'*\y,s)= [ h{y,s)dX^^^'*Hy,s), 

JgxG JgxG 

and it suffices to take h = f ® g, where / € Gc(Q) and g G Gc(G). Fix x G G with 
s(a;) = w and r(a;) = u. In the left-hand integral we must have 

{r{y),e)=r{y,s)=s{x,t) = {l3rHs{x)),e) = {Pr\v),e), 

and in the right-hand integral we must have 

(r(y),e) = {r{x),e) = {u,e). 

Since 

{x,t){y,s) = {xPt{y),ts), 

we must show that 



f{x(3t{y))g{ts)dsdX^^"^-\y)= / / /(y)ff(s)dsdA"(y). 
gJG JgJG 



We have 



/ / f{x(3t{y))g{ts)dsdX''^"^^\y)= I f{xf3t{y)) I g{ts)dsdXf'^"^-\y) 
jgJG Jg JG 

= [ f{xf3t{y))dX^^"^^\y) [ g{s)ds 
Jg JG 

and similarly 

/ / f{y)g{s)dsdX-{y)= [ f{y)dX-{y) [ g{s)ds, 
JgJG Jg Jg 



ig 

so it remains to verify 



/ f{xl3t{y))dX^^"^'^\y)= [ f{y)dX^iy). 
Jg Jg 
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But invariance of the action /3 gives 

/ /(x/3t(y))rfA'''"'(-)(y)= / f{xy)dX^{y), 
Jg Jg 

which equals Jg f(y) d\^(y) because A is a Haar system. □ 
For reference, we record the formula for convolution in CdG XpG): 

{h*k){x,t)= [ [ h{y,s)k{l3-\y-^x),s-H)dsdX'^''\y). 
Jg JG 

Thus in Tc{G XpG;^ XaG) the convolution is given by 

{h*k){x,t) = [ [ h{y,s)k{p;\y-^x),s-H)dsdX^^^\y) 
Jg Jg 

' {hi{y,s),s){k,{p;^{y-^x),s-H),s-H) dsdX'^^^\y) 



Jg Jg 



gJG 

= ( ( {h,{y,s)as{k^{P:H}r'x),.s-H)),t)dsdX^'^-\y). 
Jg Jg 

As with product bundles (see Section 2), every section h & Tc{Q G;^ XaG) is 
of the form 

h{x,t) = {hi{x,t),t), 
where h\ e Cc{Q x^ G,3§) satisfies hi{x,t) G Bx- So in particular 

(6.2) {h*kUx,t)= [ f hdy,s)a,{kr{f3-\y-^x),8-H))dsdX'^^''\y). 

Jg Jg 

The involution in rc(^ XpG;^ XaG) is given by 

h*{x,t) = h{{x,t)-'y = h{f3i\x-'),t-Y = {hi{(3i'{x-'),t-'),t-^y 
= {at{h^{pr\x-'),t-'y),t), 

so in particular 

hUx,t)=at{h,{P^'{x-'),t-')*). 

7. Action crossed product 

We now relate the C*-algebra of a semidirect-product bundle to the crossed 
product. 

Theorem 7.1. Let p : S§ ^ Q he a separable Fell bundle over a locally compact 
Hausdorff groupoid with Haar system {A"}„gQ(o), and let a : G ^ Aut^ be an 
action of a second countable locally compact group G on .3^ with an invariant as- 
sociated action /? of G on G- Let q : ^x„G Q Xfj G denote the associated 
semidirect-product Fell bundle over the semidirect-product groupoid as defined in 
Section 6, and leta : G ^ Aut G*{Q,^) denote the concomitant action described 
in Remark 6.1. Then there is a unique isomorphism 

a:C*{g,^) >^-G — >C*(g XpG,.^ x^G) 

such that if f ^ Tc{Q]£^) and g G Cc(G) then o{iag[f)iQ[g)) is the continuous 
compactly supported section of ^ Xc,G given by 

(7.1) a{iMiG{9)){x,t) = {f{x)g{t)A{t)Kt). 
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Proof. Uniqueness is immediate from density. For existence, we will obtain a as 
the integrated form of a covariant homomorphism (cr^, ac) of {C*{Q, G,a) into 
M{C*{g Xfj G,3§Xa G)) such that 

(7.2) <jM'^g{9) = / ^ (A^5) e T,{g Xf3 G; ^ x„ G) 

for / e rc(^;^) and ,g G Cc(G). It will follow that a maps G*(a,.^) xi-^ G into 
C*(<d x^G^SS Xa G), satisfies (7.1), and is surjective because the sections in (7.2) 
have inductive-limit-dense span 'm.Vc{Q x^G\^ x^G^. 

To define ass, wc will appeal to Proposition 1.7, viewing C*{Q Xp G,3§ x^ G) as 
a right Hilbert module over itself, with dense subspace Tc{Q Xp G;^ x^ G). For 
/ G ^c{Q', ^) we define a linear operator (Jgg{f) on Tc{G x^ G;^ Xc,G) by 

{(rMh){y,t)= I {f{x)h,{x-'y,t),t)dX^^y\x). 



Seeing that cr^ : Tc{G;^) — > Lin(rc(^X/3G; .^x^G)) is an algebra homomorphism 
is straightforward: for f,ge Tc{Q;^) and h e Tc{Q xpG;^ XaG) we have 



'TMf)'^M9)h){y,t) ^ / {f{x){a,^{g)h)^{x-\;,t),t)dX-^y\x) 
Jg 

= [ [ {f{x)9{z)h^{z-'x-'y,t),t)dy^-\z)dX'^y\x), 
Jg Jg 



igjg 

which, after using Fubini and sending z i-^ x^^z, is 

= / [ {f{x)g{x-^z)h,{z-\t),t)dX^^y^{x)dX-^y\z) 
Jg Jg 

= [ {f*g{z)h^{z-^y,t),t)dX^^y\z) 
Jg 

= {c^mif * g)h){y,t). 

Thus, it remains to verify that satisfies (i), (ii) and (ui) of Proposition 1.7. 
To check (i), we compute as follows. For h,k €:Tc{Q X/s G;^ Xa G), we have 

{cTMf)h , k)^{x,t) = {{uMhT * kUx,t) 

= f I Mmi{y,s)as{kr{p-\y-^x),s-H))dsdy^^\y) 
Jg Jg 

= [ [ as{iaMh)iiP7\y-'),s-')ya,{ki{0-\y-'x),s-H))dsdX^^^\y) 
Jg Jg 

= f f f as{f{z)hr{z-'p-\y-%8-')yas{kr{l3-\y-'x),s-H)) 

dX'^^'^^'^y~'^\z)dsdX'-^'=\y) 
= jj^j^'^^ {hi{z-'p-\y-'), s-'rf{zrk,{0-^y-'x), s-H)) 
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a,, 
igJGJg 



a,, 
igJGJg 



a., 
igJGJg 



which, after z ^ (3g^{y for fixed y, is 

,{h^{z-\s-'rf{(iJ\y-')zrk^{(}:\y-'x),s-h)) 

dx<^''^y~"^\z) dsdy^'^Xy) 

which, by invariance of the action (3 (in the variable z), is 

,{h^{(}:\z-%s-'rf{(3-\y-'z)rk,{fi-\y-'x),s-H)) 

y^y~'\z) dsdX'^''\y) 

which, by Fubini, is 

,(h^{(5-\z-'),s-yf{(3-\y-\)rk^{|3:\y-'x),s-H)) 

dX'^''\y) ds A'^(^)(z) 

which, after y zy for fixed z, is 

= JJ^J^a,(h,{p-\z-'),s-'rf{f3-\y-')rk^{0-\y-'z-'x),s-H)) 

dX^'^'^y) ds A'^f^H-z) 

which, by invariance of /3 (in y), is 

= IJ'^l^a,(^hr{l3;\z-'),s-'rf{y-'rk^{y-'0j\z-'x),s-H)) 

dy^K'i-))^y) dsV^'^Xz) 
= 111 a,{h,{Pj'{z-'),s-'r)a,{ny)k,{y-'Pj\z-'x),s-H)) 

J Q J G J Q 

dX^(K\^-'^)){y) dsdX^^''\z) 

= [ [ ht{z,s)a,{{asg{nk)i{f};\z-'x),s-H))dsdX-^-\z) 
Jg Jg 

= {h**iaMnk))^{x,t) 
= {h,asg{nk\{x,t). 

To check the continuity condition (ii) of Proposition 1.7, it suffices to show that 
ii L C Q is compact and fi—>0 uniformly in ri(f/, then for each // . A; G TdG xa 
G; x„ G) there exists a compact set K QQ x^G such that {(Tsg{fi)h , k) ^ 
uniformly in Tk{Q XpG,ii§ Xa G). Using continuity of the action of G on Q, it is 
routine to verify that for any such h and k there exists a compact set K such that 
supp((T,®(/i)/i , k) C K for every i. Then, to verify uniform convergence, we notice 
that for each i, 

\\{<T^{fi)h , k)\\^ < M\\fi\U 
where M = sup„gg(o) X^'^'^'^K). 



loo II'"!!©© ||n'||00) 
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For the nondegeneracy condition (iii) of Proposition 1.7, note that if f,g G 
TciG;^) and h e Cc(G), then 

where ,9 Kl/?, G TdG x pG; Xa G) is defined by {gMh){x,t) = {g{x)h{t),t). Letting 
/ run through an approximate identity {/»} for rc{G',^) in the inductive hmit 
topology (see [16, Proposition 6.10]), we have fi*g ^ g, hence {fi*g)^h ^ g^h, 
both nets converging in the inductive limit topology. Since such sections g M h have 
dense span in TdG G;^ G), hence in C*{G X/^G,^ x^ G), nondegeneracy 
follows. 

Now we conclude from Proposition 1.7 that cr.® extends to a nondegenerate *- 
homomorphism of G*{G,^) into M{G*{G Xff G,M x^ G)), as required. 

We now turn to ac- Fix s £ G, and for each h G Tc{G X/j G;^ G), define 
aGis)h e Tc{G Xfs G;^ x„ G) by 

{aG{s)h){x,t) = {a,{h^{0;\x),s-H))A{s)i,t). 
Then for h,k G Tc{G x^G;^ x^G) we have 
{aG{s)h , aGis)k\{x,t) = ((ctg(s)/i)* * {aGis)k)) ^{x,t) 

= [ [ {aG{s)h)l{y,r)ar{{aG{s)kUp-\y-'x),r-H))drdX^^-\y) 
Jg J a 

= 11 a,{{<TG{s)h),{fi-\y-^),r-^r) 
Jg JG 

ar{{aG{s)k),{f]-\y-^x),r-H))drdX^^^\y) 

= [ f a,(a,(/ii(/37i(/3-i(j/-i)),s-V-i)*A(,s)^) 
Jg Jg 

ar{as{ki{p-\l3-\y-^x)),s-\-H)A{s)"^)drdy^-\y) 

= 11 ars{hr{p-,\y-%{rs)-'r) 
Jg Jg 

ars{ki{p-\y-'x), {rs)-H)) A{s)dr dX^^^^y) 

which, after r i— > rs~^, is 

= / / ar{h^{p;\y-%T-^r)ar{k^{p;\y-^x),T-H))drdX^^-\y) 
Jg Jg 

= / / h*^{y,r)ar{k,{0-\y-^x),r-H))drdX'-^-\y) 
Jg Jg 

= (h* *k)i{x,t) = {h , k\{x,t). 

Since we clearly have (jf;(,s)a-G(f) = (TG(st) and o"G(e) is the identity, it follows that 
aG{s) defines a unitary in M{C*{G x^ G,3§ x^ G)). 

To see that the resulting homomorphism (jg G ^ M{C*{G XpG,.^ Xa G)) is 
strictly continuous, it suffices (by [21, Corollary C.8]) to show that if .s,; e in G 
and h € Tc{G Xfj G;S§ x^ G) then aG{si)h — > /i in the inductive limit topology. 
Without loss of generality all the Sj's are contained in some compact neighborhood 
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V of e. Choose compact sets K C Q and L C G such that supp h C K x L. Then 
for each i we have 

supp aG{si)h C /3v-i{K) x V^L, 

which is compact by continuity of the action /3. The uniform continuity of h and 
continuity of the actions a and /3 guarantee that 

\imasi{hi{P^-i{x), s~^t)) = hi{x,t) 

uniformly in {x,t), so <JG{si)h h uniformly. Thus aoisijh — > /i in the inductive 
limit topology. 

Now we verify that the pair {asgjcra) is covariant for {C*{Q,^),G,a). If / e 
TciG;.^) and s G G, then for each h G Tc{G X0 G;^ G) and {y,t) gG XpG, 
we have 

as {f{x)h, {x-'p-\y), s-h)) A{s) ^ dV^^-'^y^^ {x) 
which, by invariance of (3, is 

= / a,{f{p-\x))h,{P:\x-^y),s-H))A{s)Ux-^y\x) 
Jg 

= [ a,if)ix){c7Gis)h)^{x-'y,t)dX-'-y\x) 
Jg 

= {a^{as{f))(7G{s)h)^{y,t). 
Next we verify (7.2): for h G Tc{G x^G;^ XcG) and {y,s) G G X/s G, we have 

{aMcrG{9)h){y,s) = [j^f{x){aG{g)h)^{x-^y,s)dy^y\x),s) 

= (11 f{x)g{t)at{h^{(3^\x-^y),t-^s))A{t)"^dtd\^^y\x),s) 

= 11 {f{x)g{t)at{hrif3i\x-'y),t-h)),s)A{t)idtdX^^y\x) 
Jg Jg 

= 11 {f{x)g{t)A{t)^,t){hi{P^\x-'y),t-'s),t-h)dtdX^<-y\x) 
Jg Jg 

= f f {fmiAig)){x,t)h{Pi'{x-'y),t-h)dtdX^^y\x) 
Jg Jg 

= {{f^{A^g))*h){y,s). 

As outlined at the start of the proof, it follows from the above that the integrated 
form a = asg X (TG maps C*{G,^) XaG (into and) onto C*{G x^ G,^ XaG). To 
show injectivity of cr, it suffices to find a left inverse. Wc will begin by constructing 
a *-homomorphism r : TciG x^G;^ x^G) Cc{G, Tc{G; ^)) which is continuous 
for the inductive limit topologies on each algebra, where (of course) Tc{G; ^) is 
also given the inductive limit topology. Then, the composition 

V,{G xp G-m x„ G) ^ GlG. V,ig-m)) -> C,(G,C*(g,/^)) -> C*{G.m x^G 

will be continuous from the inductive limit topology to the C*-norm topology, and 
hence, by Proposition 1.8, will extend to a homomorphism, which we will also 
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denote by r, of C*{g G,SS G) into C*(a,^) Xa G. Finally, we will check 
that r o (T = id on generators, and this will suffice. 

For /i 6 rc(5 G; ^ X Q, G) and t e G, it is clear that the rule 



defines an element r(/i)(t) of Yc{Q\SS)- The discussion in [11, 11.15.19] shows that 
the map t i— > hi{-,t) from G into Tc{g;^^) is inductive- limit continuous, and it 
follows that t T{h){t) defines an inductive-limit continuous map T{h) from G 
to TciQ;^). Since t(/i) obviously has compact support, we therefore have t(/i) € 



Now the rule h T(h) gives a map r with domain TdG Xjs G;3§ Xa G) which 
is clearly linear. To show that r is continuous for the inductive limit topologies, 
it suffices to show that if K C Q and L C G are compact and {hi} is a net in 
^kxl{^ Xa G) converging uniformly to 0, then T(hi) ^ in the inductive limit 
topology of Cc{G, Tc{g; ^)). Since suppT(/i,) C L for all i, it suffices to show that 
T{hi) — > uniformly. But this is obvious, since /ij — > uniformly. 

Next we show that r is a *-homomorphism. For h, k € TdG x p G\ x^ G) we 
can use the argument^ of [24, Lemma 1.108] to conclude that t(/i) * t(A;), which 
is a priori an element of Cc{G,G*{g,^)), lies in GciGjTdG;^)) and that we 
can pass "evaluation at x" through the integral in the second line of the following 
computation: 



hi{x,t)Ait)-^ 



Ge(G, re(g;^)), with 



T{h){t){x) = hi{x,t)A{t)~i for t e G and xeg. 



{Tih)*T{k))it)ix) = ( [ Tih)is)*as{T{k){s-H))ds){x) 




JGJg 



I I T{h){s){y)as{T{k){s-H)){y-'x)dX^'--\y)ds 



f f h,iy,s)A{sr^as{T{kKs-H){(3;\y-'x)))dV^^\y)ds 



JGJg 



[ [ h,{y,s)A{s)-ias{k^{0-\y-'x),s-H))A{s-H)-Ux-^-\y)ds 



JGJg 



= {h*k)i{x,t)A{t)~i 
= T{h*k){t){x), 
so r is multiplicative. For the involution, we have 



T{hrmx)=at{rm-yA{t-')){x) 



= a,{r{h){t-'r){x)A{t-') 

= at{Tih)it-'r{p,-^{x)))Ait-') 

= a4r(/i)ri)(/3,-.(x-i))*)A(i-i) 



^Lemma 1.108 of [24] as stated does not apply to a section algebra Tc{Q;^) sitting inside a 
bundle C*-algebra C*{d, but it is easy to see that the argument gives the conclusion we need 
here. 
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= at{hi{l3t-^{x-'),t-')A{t)iyA{t-') 
= at{h,{l3,-.{x-'),t-^)yA{t)-i 
= {h*)i{x,t)A{t)-i 
= T{h*m{x). 

Finally, we check r o cr = id on generators of the form isg{f)iG{9) for / € ^c{Q'i ^) 

and g € Cc(G): 

T o a(z^(/)*G(<?)) (t){x) = T{f K (A^5))(t)(x) 

= ((/H(A^5))i(a;,W)-5 

= (*B(/)*G(5))(i)W. □ 

8. The canonical surjection is injective 

The object of this section is to prove our main result: 

Theorem 8.1. Let .s/ be a separable Fell bundle over a group G, and let S he the 
associated coaction of G on G*{G,^) as in Proposition 3.1. Then the canonical 
surjection 

$ : G*{G,£/) X5Gxi|G^C*(G,^)(g)X;(L2(G)) 

is an isomorphism; hence 6 is maximal. 

To do this, we will factor <i> into three isomorphisms, each involving the G*- 
algebra of a Fell bundle over a groupoid. These isomorphisms will be presented in 
Propositions 8.2-8.4. We will use the following notation for canonical maps related 
to the double-crossed product G*{G,£/) G G: 

= ic'(GMUsG°ic'(GM) ■ C*{G,.s^) M(G*(G, j/) x^ G x^ G) 
kc(G) = ^C'(G,s^)>^sGojG ■■ Co{G) ^ Af(G*(G,=c/) X, G x^ G) 
ka^iG-G^ M{C*{A,g) xa G x^ G). 
Note that the double-crossed product is densely spanned by products of the form 
ks^{f)kc{G){9)kG{h) for / e re(G; s^) and g,h& C,{G). 

Our first isomorphism involves an iterated product Fell bundle. Let ^ G 

be the transformation Fell bimdlc over the transformation groupoid G x ^ G, as in 
Section 4. The group G acts on both G Xit G and ^ Xit G by right translation in 
the second coordinate: 

(idc X rt)r(s,t) = (s,fr"~^) and (id^ x rt)r(as, = fr~^). 

Thus we get a semidirect-product Fell bundle jz/ Xit G Xid^xrt G; for simplicity, 
we will denote the corresponding semidirect-product groupoid (G Xit G) Xidcxrt G 
by 5. 

The action of G on G Xit G is invariant in the sense of Definition 6.3, since for 
each (e, u) e (G xh G)° = {e} x G, / e Gc(G Xh G), and r e G we have 

/ /((idGXrt),(s,t))dA(^'")(s,i)= / f{{idGXTt)r{s,S-\)ds 

JgxhG Jg 
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= / f{s,s ^ur ^)ds 
Jg 

JGxitG 

Therefore Proposition 6.4 gives a Haar system on S, so we can form the Fell-bundle 
C*-algebra C*{S,^ G Xid^xrt G). 

Proposition 8.2. There is an isomorphism 

e : C*(G,^) G G ^ G*(5,^ Xit G Xid^xrt G) 

such that, for f € rc(G;^) and g,h £ Cc{G), the image &{kj,/{f)kc(G){9)kG{h)) 
is in Tc{S; Xit G Xid^xrt G), with 

(8.1) e{kAf)kc(G){9)kG{h)){r,s,t) = {f{r)g{s)hit)A{rt)Ks,t). 
Proof. Theorem 5.1 gives an isomorphism 

e : C*{G,^) xsG^ C*{G Xu G,^ xu G) 

such that 

0{jc'iGM)U)3G[g)) = {^^f)^g 

for / € Tc{G\s^) and g e Gc(G). We want to parlay this into our isomorphism 6. 
First, we verify that 9 is equivariant for the dual action of G on C*{G,s^) xi^ G 
and the action (id^ x rt) coming from the action of G on Xit G. Note that for 
/iere(GxitG;£/xit G), 

(id^ X rt)"s(/i)(i,r) = {hi{t,rs),r) . 

Thus for f GTciG;^), g G Cc{G) and s G G we have 

(id^ X viy,oe{jc'iG,s^){f)jG{g)){t,r) = (id^ X rt)",((A5/) K5)(i,r) 

= {m'^f{t)g{rs),t) 

= {A{t)ifit)Ma)(r),t) 

= ((A5/)Krt«(5))(t,r), 

so that 

(id^ X rt)"^ o e{jc-{GM)if)jG{g)) = 0{3c'{GM){f)iG{'^^s{g))) 

= 0[6s{jc'iG,^){f)jG{g))) 
= o5s{jG'{G,^){f)3G{g))- 

Therefore we have an isomorphism 

6xG:C*{G,s^) X5Gx^G^G*(GxHG,^XitG) x^,^^^^,yG. 
Now, Theorem 7.1 gives an isomorphism 

a : G*(G Xit G,s^ Xit G) Xiid^xtty G — » C*{S,sz^ Xit G x 

id^^ Xrt 

G) 
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taking a generator ic'{GxitGMxuG){k)iG{h) for k G TdG Xu G;^ Xh G) and 
h e Cc(G) to the section of ^ G Xjd^xrt G given by 

(^{ic'iGxi,GM>^HG)(k}idG{h)){r,s,t) = (A;(r, s)/i(t)A(t)5, f). 

We now define 8 to be cr o x G), and it only remains to verify (8.1). We have 

Q{k^{f)kc(G){g)kG{h)) = cr o (0 X G){ic'{A,g)xsG{jc'{GM)if)jG{g))iG{h)) 

= a{{9 X G){ic'(A,g)xsG{jc'{GM)if)jG{9))iG{h))) 

= <:r{ic'{Gxi,GMxi,G) ° d{jc'(GM)if)jG{9))iG{h)) 

= 0-(ic*(GxitGXxitG)((A^/) H5)zg(/i)), 

so 

e{ks^{f)kc{G){9)kG{h)){r,s,t) = {{{Ai f)^ g){r,s)h{t)A{t)Kt) 

= {f{r)g{s)h{t)A{rt)Ks,t). □ 

For our second isomorphism, we let £ denote the equivalence relation groupoid 
G X G on the sot G, and wc endow £ with the Haar system A*'*'*-' — Sg x \, where 
Ss is the point mass at s, and A is Haar measure on G. We then form the Cartesian 
product Fell bundle x £ over the Cartesian product groupoid G x f , in analogy 
with the group case in Section 2. 

Proposition 8.3. There is an isomorphism 

^ ■.C*{S,£/ xitG Xid^xrt G)^C*{Gx£,£/ X £) 

such that, for f € Tc{S;s^ XitGXid^xrtG), the image ^{f) is inTc{Gx£;j^ ^£), 
with 

(8.2) *(/)(r,s,t) = {h{r,r-^s,s-'rt),s,t). 

Proof. First notice that the groupoids S = (G Xn G) Xjd^xrt G and G x £ 
are isomorphic via the homcomorphism ip : S ^ G x £ given by tl){r,s,t) = 
{r,rs,st). Furthermore, the homeomorphism "ifo : Xu G Xid^xrt G x £ 

given by ^'o(ar,s,i) = {ar,rs,st) is a bundle map which covers ip and is an iso- 
metric isomorphism on each fibre. Routine computations show that 5*0 also pre- 
serves the multiplication and involution. Hence we can define a ^-isomorphism 
^ : Tc{S;^Xit G Xid^xrt G) ^ re(G x£;j^x£)hy 

*(/)(r, s, t) = *o(/(V'"'(r-, s, t)) = (/i(r, r'^s, s" Vt), s, t). 

Because \I/o is a homeomorphism, \1/ is homeomorphic for the inductive limit topolo- 
gies; therefore ^ extends to an isomorphism of the bundle G* -algebras which sat- 
isfies (8.2). □ 

Proposition 8.4. There is an isomorphism 

T : G*{G x£,£/ x£)-^ G*(G, ^/) (g) IC{L^{G)) 

such that, for every faithful nondegenerate representation w : C*{G,s^) — > B{H), 
f G rc(G x£;j^ x £), and ^ G Gc(G, H), we have 

(8.3) ((7r0id)oT(/)C)(s)= / f 7ro{fi{r,s,t))mMrr-'drdt, 

Jg Jg 

where ttq = tt o t as in Lemma 1.3. 
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The proposition depends on the following lemma, which may be of general in- 
terest. As above, x Q denotes the Cartesian product bundle over the Cartesian 
product groupoid G x Q. 

Lemma 8.5. Let G be a second countable locally compact groupoid such that C*{G) 
is nuclear. There exists an an isomorphism uj : C*{G x G,s^ x ^) — »• C*{G,s^/) (g) 
C*{G) such that 

uj{g mh)^ (A"5g) (g) h for g e rc{G;£/) and h G CdG), 

where gMh e Tc{G x G; -b/ x G) is defined by {g M h){s, x) = {g{s)h{x), x). 

Proof. For at & At, define a linear operator Pq {at) on Tc{G xG;^^ x 5) by^° 

{PoMh)^{s,x) = athi{t-h,x)A{t)^. 

Then a computation shows that 

{pfiat)h ,k)={h, pf{a;)k) for h,kG r,(G xG;^x G), 

where we are viewing C* {G x G , ■s^ x G) as a right Hilbcrt module over itself with 
dense subspace TdG xG;£^ xG)- Just as in the proof of Lemma 1.2, it follows that 
Po^ (at) is boimdcd as an operator on C*{G x GtS/ x G) with adjoint p^ (at ), and 
that the rule «/ p'^ {ai) therefore extends to a *-homomorphism pff of .s/ into 
M{C*{G xGt^ X G))- The proof that p^ is nondegenerate and strictly continuous 
also closely parallels the proof in Lemma 1.2 and will be omitted. Using Lemma 1.3, 
we get a nondegenerate homomorphism p^ : C*{G,s^) — + M{C*(G x G,-s/ x G))- 
Similarly, for 5 G Cc(^) we define an operator pg{g) on Tc{G xG;^xG)hy 

{pg{g)h)^{s,x)= [ g{y)h^{s,y-^x)dy^^\y). 
Jg 

Another computation shows that 

{pg{g)h ,k)={h, pg{g*)k) for h,k & T^{G xG\s^x G). 

Thus condition (i) of Proposition 1.7 is satisfied, and condition (ii) is not hard 
to check. Condition (iii) follows from the existence of an approximate identity 
for Cc{G) in the inductive limit topology (cf [15, Corollary 2.11]). Hence, pg 
extends to a nondegenerate homomorphism of C*{G) into M{C*{G xG,si x ^)) 
by Proposition 1.7. 

Clearly, and pg commute. Since C*(Ci) is nuclear, we obtain a homomorphism 
® pg of C*(G,^) ® C*{G) into M{C*{G x G,^ x G))- If <? G PcCG;^), 
h G Gc{G) and k G Tc{G x G',£^ x G), then an argument patterned after the proof 
of [24, Lemma 1.108] implies that Pj^{g)pg{h)k is in rc(G x G',s^ x G) and that 
evaluation at {s,x) G G xG "passes through the integral" in the second step in the 
next calculation: 

ip^{g)pg{h)k)^is,x) = (^jj^p^ {g{t)){pg{h)k))^dtYs,x) 

= I pf{g{t)){pg{h)k)^{s,x)dt 
Jg 

^"Although this construction almost exactly parallels that in Lemma 1.2, we need to insert a 
modular function here (compare with (1.5)) because, just as with (5.3) in the proof of Theorem 5.1, 
there is no modular function in the definition of the involution in the *-algebra associated to a 
Fell bundle over a groupoid. 
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= / 9{t){pg{h)k)^{t-h,x)A{t)i dt 

JG 

= 11 g{t)h{y)h{t-^s,y-^x)dX-^'-'\y)A{t)Ut 
Jg Jg 

= [ {iA'^g)^h)^{t,y)h{{t,y)-\s,x))dX^^^'''\t,y) 
JGxg 

= {{{A-^g)mh)*k)^{s,x). 

Therefore 

(8.4) p.^(^pg{g(Sh)^{Aig)mh for g e TdG; s^) and h e CdG). 

Since such elements {Aig)Mh span a dense subspace of Tc{G xQ;^ xG), it follows 
that (g) pg maps C*{G, s^) ® C*{Q) (into and) onto G*{G x Q,s^ x Q). 

Now fix a faithful nondegcncratc representation tt of C* (G, jz/) on a Hilbert 
space 7i, and let ttq : ^ — > -B('H) be the nondegenerate representation whose 
integrated form is tt (as in Lemma 1.3). Further let r be a faithful nondegenerate 
representation of C*(f/) on a Hilbert space /C. By the Disintegration Theorem ([23, 
Proposition 4.2] or [17, Theorem 7.8]), we can assume /C = l?{fd'^^^ * ^i/^); where 
^(0) * -^^ is a Borel Hilbert bundle and /x is a finite quasi- invariant Radon measure 
on such that r is the integrated form of a groupoid representation tq of ^; 
thus 

(8.5) {t{K)k){u)= I h{x)To{x)K{s{x))Ag{x)-^ dX^'ix) ioiheGciQ), 

Jg 

where Ag is the Radon-Nikodym derivative of with respect to = /i o A. Note 
that we can identify (G x g)(°) with g'-"\ Then we can form a Borel Hilbert bundle 
gW*(7i(8)r) such that (H(8)r)(w) = H(S)V{u) and such that L^{g''°'^ *{n(S)y), p) 
can be identified with H L^(^('^) *'y,p). Then we can define a Borel *-functor 
(see [16, Definition 4.5]) E from ^ x ^ to End(6?(°) * (W O r)) by 

H(a, x) = 7ro(a) (g) ro(a;). 

If /iG is a left Haar measure on G, then we get a Haar system { A" }„g(j(o) on G x 
via A" = Pg x A". Notice that the Radon-Nikodym derivative of ly^^ with respect to 
1/ := \op is given by (s,a;) A{s)Ag{x). Then [16, Proposition 4.10] implies that 
H integrates up to a *-homomorphism L : rc(Gx^; jz/xg) B{'H®L'^{Q'^^'^ , p)) 
given by 

(8.6) L(/)(7y®«)(«) 

= / / 'Ko{h{t,x))rt®To{x)K{s{x))Ag{x)-^^A{t)-^^dX'{x)dt 
JcJg 

which extends to a representation of G*(G x 5, ^ x Q). 
Now, using (8.4), for g G rc(G;^) and h e Gc(^) we have 

L{ps^ (g) pa(5 (g) /i))(r? (g k)(m) 

= L{{Aig) Kl /i) (ry ig) k)(u) 

/ / 7ro(A5(t)5((t)/i(a;))r?(g)ro(a;)K(s(a;))A0(a;)-3(iA"(a;) A(t)-5df 
Jg Jg 
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{g{t))r]dt^ ®n h{x)To{x)K{s{x))/\g{x)~^ dX'ix)^ 



G ' ^Jg 

= T^ig)^® {tWk) {u) 

= (tt (g) T){g (g> h){7] (g) k){u). 

It follows that Lo[p^^ pg) = 7r(g)T, and since the latter is a faithful representation 

of C*(G,i^) (g) C*(g), it follows that (g pg is faithful. 

To complete the proof, we just let uu = (p^ (g pg)~^- Then w is an isomorphism 
of C* (G X ^ X g) onto G* (G, ^) (g G* (5) and satisfies 

w{gMh) ^ {/\-^g)®h. □ 

Proof of Proposition 8.4. Note that C*{£) = C*{£,X) ^ K:{L^{G)). In fact, 
since £ is groupoid-cquivalcnt to the trivial group, C*{£) is simple, so the repre- 
sentation T : C*{£) B{L^{G)) defined by 

(t(/i)k) (s) = / h{s, t)K{t) dt for h e Gc(£:) and k G Gc(G) C 

is an isomorphism onto K,{L'^{G)). In particular, G* (£") is nuclear, so by Lemma 8.5, 
we have an isomorphism 

T (idg)r) ocj : G*(G x £,^3/ x £) ^ G*(G, i/) g) /C(l2(G)) . 

If we let * C be the trivial bundle G x C, then we can identify L^{G) with 
i2^£(o) >|- ^) in the obvious way. Notice also that A is a quasi-invariant measure 

on £^^^ with Ag = 1. Thus the representation r is essentially presented as in (8.5). 
(The representation tq acts on (5,2;) G G x C by To{t, s){s, z) = {t,z).) Thus, in 
the current situation, (8.6) reduces to 

(L(/)e)(s)= / / TToihir,s,t))mMr)-'^drdt 



G JG 

for ^ G Gc(G, H) C H(S> L'^{G). Now (8.3) is easily verified using the observation 
(from the proof of Lemma 8.5) that (tt (g t) o a; = L. □ 

Proof of Theorem 8.1. We need to show that $ is injective, and to do this we 
will show that the diagram 

C*{G,S^)XsGx~,G — ^ C*{S,S^ Xu G Xy^xr* G) 



G*(G, ^/) g)/C(L2(G')) ^ — = G*(r x£,£/ x£) 

commutes, where 6, 4*, and T are the isomorphisms of Propositions 8.2, 8.3, 
and 8.4, respectively. 

Let TT : G*(G, .e/) B(T-C) be a faithful nondegcncratc representation on a 
Hilbert space H. Let / G rc(G;^), g,h,K G Gc(G), and r] £ Ti. Then, to 
show that the diagram commutes, the following computation sufiices. Applying 
Proposition 8.4, we have 

((tt (g id) o T o * o e{k^{f)kciG){9)kG{h)) (r? (g k)) (s) 

= / / TToi^ oQ{k^{f)kc(G){9)kG{h))^{r,s,t)){r] ^ K){t)A{r)-i drdt 

JG JG 



38 



Kaliszewski, Muhly, Quigg and Williams 



which, by Proposition 8.3, is 

= / / 7To{&{k^{f)kciG){9)kG{h))Ar,r-h,s-'rt))riK{t)Air)-^drdt 
Jg Jg 

which, by Proposition 8.2, is 

= / / 7ro(/(r)A(r)5g((r-^s)/i(s"Vt)A(s"Vt)5)77«;(f)A(r)"5 drdt 

JG JG 

which, after using Fubini and sending t h-> r~^st, is 

= / / n{f{r))g{r-'^s)h{t)A{t)ir]K{r-'^st)dtdr 

JG JG 

which, since piK{r^^s) = K{r~^st)A{t)2 , is 

= / / Mfir))V9{r~'s){ptK){r-h)h{t)dtdr 

JG JG 

= / T^o{f{r))v9{r~^s){p{h)K){r~'^s)dr 
Jg 

= [ Mf{r))n{Mgp{h)K){r-^s)dr 

JG 

= I Mfir))v{KMgpih)K){s)dr 
Jg 

= I {Mf{r))v^>^rMgp{h)K){s)dr 
Jg 

= [ {no{f{r))®XrMgp{h)){r](g)K){s)dr 
Jg 

= / ((tt® A)(/(r) (8>r)(l (g)Mgp(/i))(r/(8)K)(s)dr 
Jg 

= (tt (g) id)(y" ((id (g) A) o 5(/(r))(l ® Mgpih)) (r/ (g) k){s) dr^ 

= (tt g) id) (id (g)X)od{f){l(E) Mgp{h)) (s) 
= (7rg)id)o$(fc^(/)fcc(G)(5)fcG(/i))(s). □ 
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